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1 Doublecategory of relations

2 Double categories vs factorisation systems



E category with finite limits

A relation A B is

a monomorphism IR AxB

A span A FB is

a morphism IF AxB



M class of mophisms in E

An M relation A B is
a morphism IRI AxB in M

Now define cells as follows

A B IRI ATB

a 1 EctCTD
Fact

When M is the right class of a
stable orthogonal factorisation system then
those data form a double caty Rel E M



SOFS m db caty

Definition
A stable orthogonal factorisation system

is a pair E M of classes of morphisms sit

i
t
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v4

F

ii ee MEM IEIM

iii E and M form replete subcaties of E

stable in é jeee e EE



SOFS m db caty
Recall a double category ID is a pseudo category

Do Do come s ID Irveldcod in Cat

ID is an equipment

ist ID
domed

Do Do is a bifibration

ope cart

f l it 15

opcartesian arrow Cartesian arrow

withrespect to ID Do Do



SOFS m db caty
Recall a double category ID is a pseudo category

DogDo come s ID al Irveldcod in Cat

ID is an equipment

ist ID domo Do Do is a bifibration

companion off conjoint off

4 9
cart cart

of
Fact 5 15



SOFS m db caty
Recall a double category ID is a category

DogDo come s ID c IDIVEDin Cat
ID is an equipment ist ID

dom
Do Do is a bifibration

Re E M is defined by a pullback

Re E M M fullsubcategory of f
domrods clod
exe x 4

Fact Rel EMI c E extendstoanequipment if e M is an SOFS

Shulman2008 monoidal BCbifibration its equipment



Dbl caty
SOFS DbcatyotRelations

E M Re E.MS

em HN24 Thm3.3.16 D

dbleaty.IDRel E M for some EM isots ist

ID is a Cartesian equipment

ID has BeckChevalley pullbacks and strongtabulators

Fibrations are closedunder compositions



Theorem HN24 Thm3.3.16 ID dbl eaty
ID Re E M for some EM isots ist

ID is a Cartesian equipment

ID has BeckChevalley pullbacks and strongtabulators

Fibrations are closedunder compositions

ID is a cartesianequipment

É ID Δ DXID ID I have right adjoints
Verity

Aleiteri in Equip 2 carty of equipments vertical naturals



Theorem HN24 Thm3.3.16 ID dbl eaty
ID Re E M for some EM isots ist

ID is a Cartesian equipment

ID has BeckChevalley pullbacks and strongtabulators

Fibrations are closedunder compositions

A pullback square VID v k

is Beck Chevalley
L 9

The idcell factors as I k Top
Walters Wood 9 Is



Theorem HN24 Thm3.3.16 ID dbl eaty
ID Re E M for some EM isots ist

ID is a Cartesian equipment

ID has BeckChevalley pullbacks and strongtabulators

Fibrations are closedunder compositions

pullbacksquare
i

I Theidcell factors as i
gis BeckChevalley

q category

E discrete
t v

B c

test



Theorem HN24 Thm3.3.16 ID dbl eaty
ID Re E M for some EM isots ist

ID is a Cartesian equipment

ID has BeckChevalley pullbacks and strongtabulators

Fibrations are closedunder compositions

Every object is discrete
pullbacksquare

i
I Theidcell factors as

is BeckChevalley

q category

E discrete
t

B c

test



Theorem HN24 Thm3.3.16 ID dbl eaty
ID Re E M for some EM isots ist

ID is a Cartesian equipment

ID has BeckChevalley pullbacks and strongtabulators

Fibrations are closedunder compositions

ID
A

a
exhibits A as a tabulation at P

A

i i iii iiifailure
Atabulator is strong it t is opcartesian 552 P



Theorem HN24 Thm3.3.16 ID dbl eaty
ID Re E M for some EM isots ist

ID is a Cartesian equipment

ID has BeckChevalley pullbacks and strongtabulators

Fibrations are closedunder compositions

D
A Hor arrows are spans

a
exhibits A as a tabulation at P

A

I i iii Iiiiifailure
Atabulator is strong it t is opcartesian 552 P



Theorem HN24 Thm3.3.16 ID dbl eaty
ID Re E M for some EM isots ist

ID is a Cartesian equipment

ID has BeckChevalley pullbacks and strongtabulators

Fibrations are closedunder compositions

ID a
is a fibration 1 itftp.i



Theorem HN24 Thm3.3.16 ID dbl eaty
ID Re E M for some EM isots ist

ID is a Cartesian equipment

ID has BeckChevalley pullbacks and strongtabulators

Fibrations are closedunder compositions

It is a fibration t.fi
M fibrations



AID A f

is final BE in B Opc sI
19t in



ID A
A

is final BE in is p's
tun t un

Thm ComprehensiveFactorisation Thu3.3.11 in HN

ID is an equipment w 5tabulators composable fibrations

Final Fibration form an OFS

E g In Prof f is final its coaling B b_fa 1

which recovers final functors

The comprehensive factorisation system
Street Walters



Detn Walters Wood

ID is discrete 5AXE Taxa

0 14 yaido

XA are

07
0 Beck Chevalley

Rak Prof is not discrete



Detn Walters Wood

ID is discrete 5AXE Taxa

0 14 yaido
A are

07
0 Beck Chevalley

Rak Prof is not discrete

Prop A discrete cartesianequipment is dagger compact

Everyobject Thorizontallyselfdual



Detn Walters Wood

ID is discrete 5AXE Taxa

0 14 yaido

XA are

07
0 Beck Chevalley

Rak Prof is not discrete

Prop A discrete cartesianequipment is daggerempact
Everyobject is horizontally selfdual

There is a duality
A A

4.91 I 5 59h7

xxt 2 x ̅ 4 2



D A

is am
inclusion it s I's tallyfaithful inProf

cover it pct absolutelydense in Prof

Prop
In a discrete Cartesian equipment ID

Cover Final E for RelCEM

If ID has all BeckChevalley pullbacks

final morphisms are stable



D A

is am
inclusion it s tallyfaithful inProf

A

cover ist 0pct laxepi in Prof

Prop
In a discrete Cartesian equipment ID

Cover Final E for RelCEM

If ID has all BeckChevalley pullbacks

final morphisms are stable

ms Final Fibration SOFS
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1 Doublecategory of relations

2 Double categories vs factorisation systems



DCR
SOFS

unit pure locally
E Epi MEMono preordered

proper fit locallposetal
MonoEM

so All RegEpiMono Spance Reel egular



DCR
SOFS

unit pure locally
E Epi McMono preordered

proper fit locallposetal
MonoEM

so All RegEpiMono Spance Reel egular



ID is unit pure

9 f u u r aidu

there is no non trivial cell oftheform i

i e

U ID is locally discrete
Fe2 cuty of vertical arrows i



ID is unit pure

u u u r α idu

there is no non trivial cell oftheform i

Prop ID is a unit pure equipment w strongtabulators

ID has Beck Chevalley pullbacks

Proof



ID is unit pure

u v u r aidu

there is no non trivial cell oftheform i

Prop ID is a unit pure equipment w strongtabulators

ID has Beck Chevalley pullbacks

proof TCHs

AEof B is a pullback square
5 9



Ef is a cover f is co fullyfaithful in U ID

VA UCD Y A U D X A f f

IDInitpure f
is epi



If is a cover f is co fullyfaithful in U ID

Y
VA UCD Y A U D X A f f

ID itpure
f is epi

Prop fin 4.1.2 3.3.10

For a DCR ID

ID is unit pure FinalfCover Epi



Than TFAF

il ID Re EM EGEpi
iil ID unit pure cartesianesaipment w St tab

Et fibrations are composable



Than TFAT

il ID Re M EGEpi
iil ID unit pure cartesianesaipment w St tab

Et fibrations are composable

Inclusion I Mono if D unit pure
thedual of the
previous claim

Furthermore



Than TFAT

il ID Re M EGEpi
iil ID unit pure cartesianesaipment w St tab

Et fibrations are composable

Inclusion Mono if ID unit pure

Furthermore

Inclusion Mono when ID unit pure DCR

Pm mono ftp.c sm inclusion



DCR
SOFS

unit pure locally
E Epi MEMono preordered

proper unit locallposetal
MonoEM

so All RegEpiMono Spance Reel egular



Defn

ID is locally preordered flat in Grandis Paré

A P B A P 13t
s d r

9

Observethere in any DCR

AxB P
A is B

2
AxB Pl

1 α 8 11
g

a 14
C d 5 Etc I

fibration

dagger
compact 19bulator



Observethere in any DCR

A is B AxB I AxB Pl
a 14I p ask.fi cic
fibrationFibration Mono locally preordered



Observethere in any DCR

A is B AxB AxB Pl
a 14I p Is circa

Fibration Mono locally preordered

Prop For a DCR

locally preorderd Fibration Mono



Defn

ID is locally posetal if it is locallypreordered

and U ID is locally posetal
The 2 caty of vertical arrows

Prop For a discrete cartesian equipment

locallyposetal
locally preordered
unit pure

Prop For a DCR

locally posetal proper
MEMono Epi



DCR
SOFS

unit pure locally
E Epi MEMono preordered

proper unfit locallposetal
MonoEM

so All RegEpiMono

Spanggle egular

Carboni Walters

Lambert sunitional
completeness



DCR
SOFS

MonoEM
EE StrongEpi unit pure locally

E Epi MEMono preordered

proper fit E locallposetal
MonoEM

so All RegEpiMono Spance Reel egular



In Prof P A B P A B See

C is Cauchy complete A e p

is e



In Prof P A B P A B See

E is Cauchy complete A e

e e

Defn Paré 2021

ID is Cauchy AED B A 5 B A PIJ



In Prof P A B P A B See

E is Cauchy complete A e

e e

Defn Paré 2021 winit
pure

ID is Cauchy AED B A 75 B A PIJ



In Prof P A B P A B See

E is Cauchy complete A e

e e

Defn Paré 2021 whit pure
ID is Cauchy AED B A 7 B A PIJ

Them In a unit pure Cauchy equipment

Cover Inclusion
If ID is more over DCR
Inclusion Mono Fibration Covert



Thm 4.2.3 in HN

In a unit pure DCR

P ATB is a left adjoint 5
I MononCoven

Thisgeneralise the fact that

a span A B A P B is a left adj

iff l is an isomorphism



Thm 4.2.3 in HN

In a unit pure DCR

P ATB is a left adjoint is
LE MononCoven

Thisgeneralise the fact that

a span A B Ad B is a left adj

iff l is an isomorphism

Thm A DCR ID Re EM is

unit pure a Cauchy its Mono Fibration
f Pavlovic Maps I Relative to a factorisation system



DCR
SOFS Cauchisation

unit pure locally
E Epi MEMono preordered

proper
unitpure locallyosetal

MonoEM Cauchy

so All sÉpiMono pane Reel egular

Kelly 19911

A note on relations

relativeto a

factorisation system



Let ID E unit pureequipments

E is a Cauchisation of ID

É H E HCD

IE Cauchy unit pane

2mk is a freeobject of
unit pure
Cauchy

equipment unit pureequipment Equip

7 o
unit purei e

I Pip
when ID is Cauchy

tf s.e.WS Ufy



Let ID E unit pure equipments

E is a Cauchisation of ID Freeobject of

É H E H ID equipment unitpureequip

IE Cauchy unit pane up to equivalence

Rnc Cauchisation is unique in Equip if exists



Let ID E unit pure equipments

E is a Cauchisation of ID Freeobject of

É H E H ID equipment unitpureequip

IE Cauchy unit pane up to equivalence

Rnc Cauchisation is unique in Equip if exists

Them ID unit pure DCR has a cauchisation Can ID

Obj Can ID Obj D
VCan D A B F A B 1 IEMononCover



Let ID E unit pure equipments

E is a Cauchisation of ID Freeobject of

É H E H ID equipment unitpureequip

IE Cauchy unit pane up to equivalence

Rnt Cauchisation is unique in Equip if exists

Them ID unit pure DCR has a cauchisation Can ID

Obj Can ID Obj D
VCan ID A B F A B 1 IEMononCover

CanID p

É



Im If ID is unit pure DCR so is au ID

E g When IDERe E M when M proper

Then VCan ID is the regularisation obtained in

Kelly 1991

E g When ID Re Epi ResMono on a quasi topos8
then dau ID Rel Cs E

where Cs E topos of coarce objects



DCR
SOFS

unit pure locally
E Epi MEMono preordered

proper unfit locallposetal
MonoEM

so All RegEpiMono Spance Reel egular

Lack_Walters wood
monad

by
comontoid

Aleite
by copointed
endomorphisms



On copoint comonoid aspects observe thefollowings

HN Lan22

Tabulator limit of A B

Aleiteri
Co EilenbergMoorefor

EE in rphis
limit of Alfa

Cf LackWaltersWood
co EilenbergMoore for

comonoid
limitof A A A



Prep In a discrete cartesian equipment

i An endomorphism A P A is copointed

if there exists a unique structure of comonoid

ii co EilenbergMoore for copointed A A

co Eilenberg Moore for comonoid A A

Prop 4.3.16 of HN ID unit pure cart equipment

Then ID has strong co EM for comonoids

ID has strong tabulators



Thm 4.3.19 of HN TFAE

I ID Span E etinitelycomplete

Iii ID is a unitpure cart equipment with strong co EM

for copointedendois andeverymorphism is a legof coEly

Iii ID is a unitpure cart equipment with strong co EM

for comonoids and everymorphism is a legof coEly

ct Aleiteri 5.3.2 LackWaltersWood 5 2



HN Doublecategoriesof relationsrelativetofactorisation systems
CW87 CarboniWalters Cartesian bicategories I
ke91 Kelly A note on relations relative to factorisationsystems

Ver92 Verity Enrichedcategories internalcategories and change ofbase
Pav95 Pavlovic Maps I Relativeto a factorisationsystem

GP997GrandisParé Limits in double categories
Shu08 Shulman Framedbicategories andmonoidalfibrations
WW08WaltersWood Frobeniusobjects in Cartesian bicategories
LWW0 LackWalters Wood Bicategoriesofspans as cartesian bicategories
Ale18 AleiteriCartesiandoublecategorieswithan emphasis on characterizing spans
Par21 Paré Morphisms of Rings
Lam22 Lambert Doublecategories of relations

Thank you


