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I MOTIVATION

Universal properties are useful tomake mony
constructions in mathematics

Ex : ( llimits,adjunctions
,

Kan extensions,-- .
Encodedby the representabilityofa certain
presheaf
Ex : G :InChas alimit LECESCG

,

L =CFLAG),G).

Not always convenient to work with .
Ex

:

in8-
category

theory, homotopy typetheery .

Looking for an internal characterization .
Ex imit ofa finctor Ganermindebjectin

the categery ofcenes ALG .



2-
CATEGORICALSTORY

e
-cateory

A preshea opset is representableffC if
there is :

Lee
,

anobject and

a naturalTeseteor
)

Examples :
set of conesLimit

:G :InC-finctor £

F
.CFLAG,

G): CoP
,Set,

CI
-CILAC,G)

Ghas a limit s F is representable .

Adjunction :L :e.D-functor
For ED

,

FDULG
.D:EP,Set,

G-ALLC.DD

L hasa right adjont FD is representable HDED .



Grothendieck construction : Se .Seter, catie
F

:

Cop , set 1 Sef se
where Sef is the categery of elements of F
-obj: pairs x of EC .XEFCCC
-mor(

GX) '( DY): CfDEC stFfCylx CFD IFCf
Remark

:

It corresponds to the categery :

L FCSOSL ELDIXFD

...eset
cee t CDEC

Example : Limit: G .I sC
;

F
=EFLAE),G)

SeF =ALG is the category of cones over G

- obj: pairs (CK) of CEC
,

K :ACEG

Af
--mor (

CK)'
CD.M:

CFDEest AC=AD
Gx xx M



Theorem
::

Sete
.,

Catieisfully faithfule
A functor P . e isadiscrete fibrationif

for all AcA and C,PA eC
,

thereis a

unique FAGUstPf-g
Remark

: This is equivalent to saying that
mornt , more is apullbackinset
I
t t
V

obut øbe
p

Example : Grothendieck construction

FCop
. Sefeis adiscrete fibrationset

,

LcoeCCCDTxFD morC-LDECCCC.D)I
vt

LceèFc sobeL
1*

cee



Notation
: Fiblec Catie full subcategery spanned

by the discrete fibrations
Theorem

::

Seteep
,Fibe is an equivalenceofJe

categories .

Representation theorem : A presheaf FiCoP, set
is representablee Sef has atermind ebject .

Example : Limit : G .I sE
,

F
.=CFLAL,G)

Ghas a limit as F is representable
ESeF -AIG has atermind object

Remark : An TinacategeryC isterminalobject
<=7 the projection ei se is an isomerphism
of categories . Eit ex

I ECat
ě exe,

id
,{T3)

(



IPROBLEMS INHIGHERDIMENSIONS

A 2-
cateon

is a category enriched in cat
,

gie
i

.e.,

it consists of : CD+CD
- aset of objects obe ş
-

a category of MORphISmS CLCD), HEDEC
t asseciative and unital compositions
Example :Cat

-2-category

of categeries
,

functers
,

and natural transfermations

e
-2-categery

A2-presheafon C is a2- functorF
.CoP,

Cat
.

Example : Representable 2- presheaf: for Lee,
EG ,L:e., Cat

,

C
,ECC,L)



A 2- presheaf FCor .Cat is representable if
there is

:

- an object Lee
--

az-natural isomorphism EC,L=F(
ezcate?,

Cat
))

2- limit:G
.IseExample2-functor

F
.=CFLAG,GI:COP.,

AITCFLAGGcat 7
category of2-cones & medifications

Ghas a 2- limit <7 F is representable
Lee -2-limit of G ; then HCCC

~

ECOL, CILAGG) eCat
CIL Em ACIIG EACIALGG

)

7 çâaleig
)

* Laus AC in G EA
w

Tin a 2-
categoreis 2-

terminal

if Anobject
ECÇTÊA VCEE



Try 1: Se :2Catle
,

Cat
)i

2

Catie
-fieop,

Cati Sef C
where Sef is the Istrict

)2-
category

of elements of F

-pairs (C.X) Of CEC ,XEFCobj .

-
mor (

CX). D .Y): CDECsTFfLy)x
Fx

-- CSXTLDY )CDECzmo stlFalyzidx (FfEFg)
gADoessee the morphisms of Fanot

Eg . 2-
limitof G2-

terminalebject

in the
(strict)

X
2-

categery

of cenesANG
-SCCFLAE),

G
).

- obj pairs (C.2) of CEC,K .AC.G
ACGIADAf

--
mor( Ç3)-(D,M): CbDEst HXx MK

- 2-
mor(C3)-* ( D,U): CGDEest ACAfgAPYMXx

wa ~>

dingman-M.J. counterexamples .



Try 2: Se.2
Catle,

Cat
)

12Catye
,

FiCop
,

CatisaxF se
where SexF is the laxZ

-categery

of elements ofF

-
mor

( Gx)(Dy): pairs (figlofCIDEC,FfLY)YXEFC
Theorem : BuckleyI fazcaties cat

)

iacatie
ise

fully faithful .
But

:

2- limit ofG2- terminal object in the lax
2-

category

of cones ALaxG=SelaxCF(AG1,G)
-

mor

( G2)"(D.M:pairs ( figl of CD
,

ACIAD
At

(dingman-M.Jcounterexamples
Y
6
X ux

X4

Other approach : LGagna-Harpaz-Lanari)
2- limit of G am3 "2-final" object in ALlaxG
with respect to cartesian merphisms (4 invertible

)



FSOLUTION
:DOUBLE

CATEGORIES
double categery AA isan internalcategery
to categories
A

.5?,

AxCC IAIXAdA 1 E Cat
^ t

t

category of objects categery of horizental
&

vertical morphisms morphisms & squares
There is a chorizental

) embedding
Int

:

2Cat ,
DblCat,

EisE4 ECCD
)

że

casadoublecatwith trividlvertica

morphisms
The functor Int has a right adjoint
Enr

:

DblCat 12Cat
,

AAI >{ ob(/o)EnrA
(A,B)=/AIX

AoX
1Ao

{
CA,B)}

Forgets the vertical morphisms of 1 A.



Iparel cat
)

iDblCatiintecatieSSe
F :CoP ,Cat is SeF Inte where Sef has :
where Sef is the double category of elements of F

- obj: pairs (C.X) of CEC
,

XEFC

-
morhor (

Gx)

'( Dy):C DDECst FfLyIx
-

vermor(
G.X)

PCGXD: X IX
'E

FC

-
Sq

(
GX)

((
Dy).C

StX-FfCy) IFfCYD
FfC4)EC

i
4

N üY g (
Fxly

V ;
4 vLFxly '

(
C,X')

(
D,y")

}
g Fgly)

, Fgly )=XFglx)
Remark : It corresponds to the double categery :

LICeeFCCŞ.L CDEeCCGDIXFDCC
...

E Cat

Observation
: Se= Enr SSe



[
Parél

An objectT in adouble Categery AA is
deuble terminal if
-HAE FIA ITELA-HAELAHLA TEA.A

,

B T
>

Remark
:

This is equivalent to requiring that the
projection IAIT 'AA is an isomerphism of
double categories . IAIT s AInt2

V
I eDblcat

limitspseude-fundosbi IA Ax
1A

y (
id,

{
T})

Theorem
: Idin man

-M.J

Azpresheaf Ficop,cal
is representable SSef has a deubletermind object .

Example : GILE ,F-ETAG,G7zlimits .
-

Ghas a2- lmit <=7 the double category of cones
AlLG -SeF has a deubleterminal ebject

K

--
- ver mor (

G,x)

> (
C,x"): AC INO G
w
KI



Theorem
: Idingman-M.J Let AAbe a double

category with tabulators .Then an object TEA
is double terminal <TEEnA is2-

terminal.

Lemma : LetF
:CoP,

Cat be a2- presheaf. Suppose
that ç has

tensors by 4 andF preserves them,
then F hastabulators

.Se
Cor

:

Under the hypotheses of the Lemma,
Iis representable 4= SeF= EnrSsef has a
2-

terminal object .

Observation:G .I-.C-2-functor.
IfChas tensers by 2,thenE=CFCAG),G)
preserves them .

Cor
:

Let G
.I

,
ebeaz -finctor and suppose that

ehas tensers by4. Then Ghasa 2-limita the
ategory of cenesAlGhasaz -terminabject.



I
.

CASE OF ENRICHED CATEGORLES

(
U.X,

1)- cartesian closed categery with pullbacks.

Need 2 to be extensive
,

i
.e.,

it has all small

coproducts that" behavewell"

Consequence . Set 2, 51747L

*
U=U(2-)

A2-
enrichedcate

or Ecnsistsof

-a set of objects
-

ahom -Object ELODIEV HEDEC

t asseciative and unital compositions

Example : isV
-enriched

with
.

-object set ob
2

-
homs yx given by the internal homs XX

.YE2



Remark:Set40 inducesan inclusionCats 2-cat

e
-v-enriched categery

A 2-presheaf is an -finctorFie
.0

one

Example : RepresentableV forlee
,

presheaf
et

,l:ee

70,C 1,CCC.L).

A2-presheaf FCop 10 is representable if
there is :

-
an object Lee
-

a

U
-natural isomorphism EGUe (

eVCaHe-?,0)

F

Example :V -enriched limits :G .Ise
-2-functor

F
.=CFCAG),G).

COP 1
O,

CIS CFLAC,G)
objectof

2-conesin?

Ghas aV
-enriched

limit L F is representable .



An internal cateory toV A is a diagram

Aóis IAxcC AAIXAo AIEO trelations

There is an embedding
Int

:

W -Cat, Cat
(o),en obCcE4

aoee

CCC
.D)

[ Cottrell-Fuji-Power]Int has ari htadjent
Enr

: Catt
0)

30-
Cat,

1
A1.

UA
.

ENALABHAX
AOXIA

.

ECABB{
Grothendieckconstruction :

Se:V-Cat(0,2), CatWlente
,

Fi.Cop21 SeF, Inte
where Set is the internal category to2

LIFCEE LCDEC CCGDIXFDC..€2
cee

Remark
: IBeardsley

-Wong]

have a" lax" version



Theorem
:IM-Sarazola-Verduge)
Se2-Catle.,21, Catoollente is fully faithful
An internal functor .

AA

' Inte in Cato
)

isa
discrete fibration if

lAz LINTE
)-LECCD)

isapullbecking
CDee

It t

YAo intelo-obe
p

Example : Grothendieck construction

F.CoP 10, SeF ' Inte is a discrete fibration
Notation

: Fibiec Cat () lInte full subcategory
spanned by the discrete fibrationsover Inte

Theorem :IM-Sarazola-Verduge)
Se :2-

Catle.,2)

,Fibleis an equivalence
of categeries .



An object Tin an internal category AAtoV is
terminal if IAIT .AA is an isomorphism inCat /o).

iT
1A lAInt2

I eCat
(o)

YA sÁXIA
( id 13)>{-

Theorem :IM
-Sarazola-Verduge]

A2- presheafF.Co ,0 is representable
<= Sef has a terminal object .

Example :U -limits:G .I IC
,

F
.CILAE),G)

GhasaV -limit Es the internal cate ory of
U-cones AtG.-Sef has a terminal8bject.
Conj : IfW is"'generated" by EXi

3CV,

Chastensors

by the Xis and FCoP 72 preserves them, then
F is representable 4 Enrser has aU -terminal^

object T homs toT are isomorphicto L



. APPLICATIONS

V =set
-cat-cat-Catisety

set

~
s

retrieve1- categorical case
- 2=Cat

:Cat
-Cat-2

Cat ,Cat(Cat)=DblCat
m another proof of the representation theorem

--0=
In-D

Cat
: In

-D

Cat
-Cat=n-Cat,

Cat
(on-DCat)

m the Grothendieck construction takes values

in internd categories to in-D-categeries
( tn-fold categories

)

~
n-limits termindobjects in the internal

category toinD ofn-cenescat

~ with Rasekh &Rovelli
,

we construct limits

in using this characterizationn-categories
n

-limit

in ann
-categerywithtensorsbyIn -tH

cin
-terminal objects in then

-category

ofn -cones.


