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Outline

. Double categories and monoidal double categories
. Double monads and monoidal double monads

. The monoidal Kleisli double construction

A W N =

. Arithmetic product of coloured symmetric sequences

Idea: generalise and formalise the so-called ‘arithmetic product’ of
symmetric sequences or species — whose interchange with substitution
provides a duoidal structure — using double categorical machinery

(FR G)(m) = /ml’mz S(m, my - m) x F(my) x G(my)
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Monoidal double categories

Fibrant double categories
A double category D consists of
- object category Dy (0-cells & vertical 1-cells) A
- Y
- arrow category D; (horizontal 1-cells & 2-morphisms) fl o le
N

<

N
S

5 [¢]
- Do l> Dy, Dy = Do, Dy xp,D1 — D1 plus coherent isomorphisms.
t
O-cells, horizontal 1-cells, globular 2-morphisms make bicategory H(D).

In fibrant double categories, vertical 1-cells turn to horizontal ones
coherently : each f: X — Y gives f: X —=>Yandf: Y - X with

xLx xbLx X Hx xhx
il I w e and [ F
X p X XX X p XX o X
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Monoidal double categories

Running example: enriched profunctors

Suppose V is a braided monoidal cocomplete category, with ®
cocontinuous in each variable.
Fibrant double category Profy, where

- object category is Caty

- a V-profunctor M: X — Y is a V-functor M: YP R X — V

—M
- a 2-morphism is a V-natural transformation Y°P®@X v \/[ V

G°p®F\" 7P W N
- horizontal composition is (N o M)(z,x) = [Y N(z,y) ® M(y, x)

- each V-functor F: X — Y gives V-profunctors It_(y,x) = Y(y, Fx)
and F(x,y) = Y(Fx,y)
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Maps of double categories
B For double cats C and D, there is a double cat DblCat[C, D] where

F :?:> G ® F G,H,K are double functors
® g, 7T are vertical transformations
o Uy |7 . .
® 3, 9 are horizontal transformations
H K  ® v is modification (...)

5

Namely each ox: FX — HX has ox in D and each transpose is invertible

~ o~

FX M, Fy %Y HY FX 3+ Frx M,y %Y py
[ Il IR B A
FX —— HX — HY FX —— HX —o HY —— HY
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Monoidal double categories

Monoidal double categories
A double category D is monoidal when

- Do and ID; are monoidal categories, s,t are strict monoidal functors
. (NO M) X (N/o M/) = (M® M’) o (N® N’) and 1x ® 1 & 1X®X’

- coherence axioms are satisfied
A double category is oplax monoidal with only comparison maps

(NOM)@(N/OM/)%(M@MI)O(N®N/), 1X®1X’—>1X®X’
/1—)/10/17 /1—)1/

and oplax double functor axioms are required.

An oplax monoidal double category with a single object
and vertical arrow is precisely a duoidal category.

* There is a normality condition that reduces to normal duoidal structure.
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Monoidal double categories

Maps of monoidal double categories
B For monoidal double C and D, there is double cat MonDblICat[C, D]
F :ﬁg:> G ® F,.., K are (lax) monoidal double functors
® g, T are pseudomonoidal vertical transfs
UH b H ® (3,0 are monoidal horizontal transfs
H —= K  ® ~ is monoidal modification (...)
* Pseudomonoidality is dictated by desired application: the "free
symmetric monoidal category" monad is only pseudocommutative!

FX® FY —— FX® FY | ——— |
+ ‘ox®@ay 1
FX®Y) t HX®HY Fl U L
oXRYV + o
HX®Y) —— HX®Y) HlI —— HI

A pseudomonoidal vertical transf has companion if and only if it is speciaI.J
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Monoids in monoidal double categories

» A vertical monoid in a mon double cat C is a monoid (A, m,e) in Co

» A horizontal monoid in a mon double cat C is an object A with
w:ARA —+ A n: I — A and coherent

A A 0A"S AcA s A
al n H + two 2-morphisms

A®(ADA) o A®A o

)>

* Correspond to pseudomonoids in (C) under mild assumptions.
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Double monads

B For double C, the double DbICat[C, C] is monoidal with composition.

» A vertical double monad is a vertical monoid therein ; a horizontal
double monad is a horizontal monoid therein.

- components mx: TTX — TX give mx: TTX — TX

_ TTX ™% TX TTXTM 1Y B TY
- naturality gets 7r¢| y  |7F - MM gets | b I
TTY = TY TTX 2 TX 7 TY
Y

- vertical axioms give associativity and unit structure 2-maps
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Monoidal double monads

Monoidal double monads
B For monoidal C, MonDblCat[C, C] is monoidal with composition.

Namely the composite of two monoidal double functors F, G: C — C
becomes monoidal with GFX ® GFY — G(FX ® FY) - GF(X® Y) and
for two pseudomonoidal vertical o: F = F',7: G = G’ have 7o with

GFX ® GFY —+—— GFX ® GFY

<+ STRT
G(FX®FY) I GFX®GFY
T+ 4+
G'(FX ® FY) —— G/(FX ® FY)
+ LG (o®0)
GFX®Y)  G(FX&FX)
G'od +

GF(X®Y) —— GF(X®Y)
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» Pseudomonoidal vertical and monoidal horizontal double monads are
vertical /horizontal monoids in (MonDblCat[C, C], o).

E.g. from pseudomonoidality of vertical m: TT = T get monoidality of
horizontal m: TT =& T via induced

TTX® TTY ™3™ X o TY

l

T(TX® TY) 4

l

TT(X®Y) —— T(X®Y)
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Horizontal Kleisli double category

B For horizontal double monad T: C — C, there is a double KI(T) with
- Cp the category of objects
- M: X ~ Y are horizontal M: X = TY in C

x Moy XM Ty
- 2-morphisms fl i lg are fl U lrg in C
Z Mo w zNsTw

- horizontal composition is X —L TY —ToN—> 777 25 T2

Induced tensor is MBI N = X © Z % Ty o 7w —1o T(Y @ W)
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* For pseudomonoidal vertical double monad, this holds for (T, m,¢). If
moreover, (co)strength of T are special, then KI(T) is normal oplax:

X TZ MV, v o TW

l le®1

TX® 72 ™M™ v o TW

Lo
T(X® 2) izt TY @ W)

has (some) companions, H(C) is normal oplax monoidal (new!)

[Results extended to the case of (the horizontal) bicategories: when (Cj
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Arithmetic product

The case of profunctors and sequences

Let V be cocomplete cartesian (...) monoidal closed.
Profy, is monoidal with (M & N)((y, y'), (x,x")) = M(y,x) ® N(y’, x")

Free symmetric strict monoidal 2-category monad S: Caty — Caty via
Sn(X)((x1, -+ -5 xn)s (Y1, - -+, ¥n)) = LTI X(xo(i), i) and SX =[] Sa(X)

S extends to vertical double monad on Profy, , with Kleisli double
category CatSym,, of categorical symmetric sequences M: SY°P x X—V

In particular, ‘discrete’ case Sym,, of colored symmetric sequences

* Horizontal composition is many-object generalisation of substitution
monoidal structure of symmetric sequences

SZ,SY . i
(N o M)(Z,x) = / SZ[7, @ ' % [N, ) x M(7, %)

1
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Arithmetic product

» Vertical double monad S: Profy, — Profy, is pseudomonoidal
cartesianness

Strength looks like XxSY — S(XxY) via (x,y) — ((x,1),-..,(x,¥n))

» All other relevant conditions are satisfied

* Future work: Boardman-Vogt tensor of bimodules of symmetric
coloured operads...
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Thank you for your attention!

—

N

—

Cruttwell, Shulman, "A unified framework for generalized
multicategories”, Theory and Applications of Categories, 2010

Dwyer, Hess, “The Boardman-Vogt tensor product of operadic
bimodules”, Algebraic Topology: Applications and New Directions,
2014

Fiore, Gambino, Hyland, Winskel, “The cartesian closed bicategory
of generalized species of structures”, Journal of the London
Mathematical Society, 2008

Gambino, Garner, Vasilakopoulou, "Monoidal Kleisli bicategories and
the arithmetic product of symmetric sequences”, arXiv:2206.06858

Hyland, Power, "Pseudo-commutative monads and pseudo-closed
2-categories”, Journal of Pure and Applied Algebra, 2002



	Monoidal double categories
	Monoidal double monads
	Monoidal Kleisli double construction
	Arithmetic product

