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MOTIVATION & OVERVIEW

A double category D consists of :
- objects A, B, C,D, ... 3 D
- Tight movphisms A— B °
- loose movphisms A+ B
c CC“S P
A—\—)B

il o« |

C—q|v—>D

Sqme as a pSCUC\QCOA’egorH 'n CAT

dom LUK
— —
D=wSDco— D= Dx, D,
cod W,

- How can we reduce |imits indexed

by double categories
T ——D

to limits indexed'\ by categories?
I—D,

+ Can we understand the span

construction as a rig\/ﬂ' qald'oim"‘?
lax
D—— $pan

GOAL : Answev these q/ues-Ho\n.s via

the free +abulatov Comp\e‘\"\on!



TWO-DIMENSIONAL CATEGORICAL STRUCTURES

Double ca.‘tegories ID
P
A——R
fl & 19
C——D
q
2-categories Ti(K)

A 1da

flc(lg

BTB

Bicategories ILo (B)

A——R

1“‘1 « 113

A——B

Monoidal CQ,Jcegories Lo(W,®,I)

A
¥ —+— ¥

T I ¥

X ——— X
B



$pan (C),

EXAMPLES

C - has chosen pu”backs

Rel
RcAxB
A—I—)B R(a,b)
R CE
S(Fq,gb)

R(), C -restriction category

A—I—)B —afs5
Loy s ap=9FP

C ——1;—%[)

‘F, 9 +o‘|‘ql MQPS



TABULATORS

tabulator of a loose morphism p:A-+B

TP_'—’H Tp
“Al Tp l“’a
A——8

universal property

- Tabulators ave [imits of Zlé D
* Cotabulators ave dual via tight opposite lDon

‘Natural with respect +o cells:

A —R A
'fl .4 lﬁ ~y lTx
Tq

C—gy—ﬁ

* 'D qamH’S a” ‘l‘q()u,a"‘ors i'Fand oan f-F

id
D,

+ D,

T,



EXAMPLES OF TABULATORS

2- Ca+e.3°r§es: powers bl:j 2 biCa‘I’QSOTiQS: unique 2-cell from iden‘lH’H
2 4 T
A—— A A——A
| ™ |m W] 3t |ta
universal property monoidal categories: unique movphism from unit
1dx I
X —— X X % —+— %
Pl o« |8 ew [@ae ]l o |
A A o




MORE EXAMPLES OF TABULATORS

$pan (C)

Py P
Rel|
ReR=R
R—+—R  (R(a,b) RAW)
"'Al J,"B u,
A e B R(a.b)

R(€), C -restriction category

X —5—s X

o l \I,Pﬂ' T, pw total maps

A—'P—>B

If +he restriction idempotent p splits
(le. Tu=p and ur=1y) , then the
tabulator of p exists + satisfies
2D universal property.



(CO) TABULATORS IN IDist

Tabulator of a distributor P: AxB— Set Cotabulator of a distributor P: APxB— Set
1d p
T‘\l Tp l“'B '“‘Al dUp J'-“s
A——B 1Pp——1P
. obJec+s (acA,beB, x € Pla,b)) - set of objects ob(A) + ob(B)
- morphisms (f.9): (a,b,x) —>(a',b', x') + Hom-sets
a ,\_,.iv\» b A(X:H) if )C,BGA
B( 1 ‘F X,y €
£ I3 LPley)m { o8 el
ql ~———) bl P(Xﬂj) |'F IEA and 968
* ] otherwise
P(f,1p)(x') = P(ta,9)(x)




BINARY TABULATORS

binavy tabulator of ASsB>C

T(pa) —T(pa) —-Tpea)

A——B—7C

Lemma: Suppose ID has tabulators. Then

binqrﬂ -}abulq'l'ors @ Pu“backs of lef+
projections along right pro:)e_d'ions.

T(P"L\
Tp Tq
'/'“P N 'lq'\l
A > B » C

I’ %

T he {o“owing are eq/uivalent:
D admits all binarg +abulators

limits of normal lax §,_-"|D exist
P 9
A——B —+—C
1Al & lic
A ' C

- There exists right adjoints

r

N i
T; \\ y/,-rz
D -



THE SPAN CONSTRUCTION

adequate triple (C, L R)

+ C - category

+ L, R - wide subcategories of C

- Pullbacks of L-morphisms along R-movphisms

exist in C and the classes are stable

Ac;\TriP r o L- Ca{'egorlj of adeiuqi'e +rip|e,s
Dl?lTab 2.'Ca‘l’eﬂo\(3 o‘F o‘oul‘)le Ca.{'egovies
with +abula+or5 and Binarﬂ tabulators
Dbqu.b ——=> AdTrip

» — (I, L.P, RP)
’V,\

left projections right projections

$pan
AdTrip —— Dbl Tab e

(C; 'L,-R-) — $pam (C..L,-R)

-objects and tight morphisms from C
Led réR
- loose movphisms A < X > B

(<)o

AdTrip. L _ DblTab,

$pan

unit |D L $PQH (lDo) £PJ RP)

AR — A<1A To “B‘.B




THE FREE COMPLETION UNDER TABULATORS

IF
(—

L Dbl,

VI

Dbl Tab,

Gwen D, we may -Free.ll.j add tabulators

and bina,V3 +abylators : A
*9) _

-/ \

A——B A——p—B

-FJ, b lS wfl J,& lﬂ

C ——D «— 3D
v Se v

. e = W\odulo seve\/ql eciua‘l'{ons.

Write LS(D) =

subdivision of a double

F(ID),, the loose
category.

D—=> $pan(C, L, R)

(1S(D) LP,RP) — (€,1,R)



REDUCTION OF LIMITS IN DOUBLE CATEGORIES

J]. ; '" hmF_-ld'_)l'mF Th@VI show that COV)Q (F)g Cone (G)
= l é‘- Z “AJ, T, l“% By +the classical vesult, the limit of any
ID e A — B G: L > Dy exists iff Dy has procluc’rg

P . .
and e alisevs. E

T heorem (Grandis & Paré , 1999): A double R
cateqovy admits limits indexed by any Original proof' is 5 pages long
small double Caiego\ri.j J ﬁc and onb f'F H‘ and VQV(\,’ QXPHCH'; rvmﬂbe A move

admits small products, ec}ualfs‘ers,& tabulators| | abstvact proof is possible?

Proof s+ra+eng: Given a o\iaarqm F-J—=D, I;"} VS IF(]") F_'y |D
construct new diagrom L LTDQ into

Show that T (L£S(T))— F(T) is

the underlying category of ID using an ntial functor of double cats.

tabulators and binary tabulators .



THE NERVE OF A DOUBLE CATEGORVY

A—>>Dbl,y  lo(k)=k
v

{fo+1—+ --- —Hh_ig

Dbl,, —— [A*, CAT]

N(ID)hz [Bl ) IDJ ¢
Fov example -
N (D), &

N (D),
. N(lb),_ D ob;\eds are

Do objeds & -HSH' movphisms

1p:

|D4 loose Morplnislms & cells

P P
A——B—+C
1) LY, J1

A = > C
r

T heorem: The nevve is 2-fully faithful.
Proo‘F: Fo”OWS LO\C‘Q % qu“ (2.008).

= {o: v 25— A

Lemma - DB\ML [dp, CAT] s
loca”\j 'FU”B Laith fu) .
: dowm
[2{»]-]

]-o —_—id — ]]-;

Xo cod of, - ¥}
dom

|D° _;#» |D1 : l:gs‘.:lD]




LOOSE SUBDJVISION AS A COLAX CoLIMIT

The loose subdivision £.S(F) is +he colax

colimit of +he “troncoted nevve”

dom a1
-—

J —id —>];<—o—]'zn/
LS(]I)/

H: ID L\QS ‘|'al)u|a‘\'ovs G\nA bi(\awj 'fabu|q+°(s-_

can replqce
with

Ezl II]nl

D, =D, D —=ip, b0,
AL T\ N
D, D, Do
D,——D, D,—/—D, DD,
TN, N N T
D, D. Do

Blj universal properhj of colax Coh‘mi"'s,
each normal lax Foactor F:J—ID

indvuces a Uniq/ue l?--' iS(J)%'DQ.
dom u1Y

pd
3

€ ]
I —_id = J];<— o — ]-2
F‘ COG‘ Fz '“g F,_
. dom , 311
D, —i4—=>ID,—0o—1D,

b e
CQO‘ e
1 lT‘ /.
Ds

Bg local -Fu\\tj 'Fa}-"\r\Fu\neSS O'F +runca+e,d
ne.\r\/e_) We Ma3 show 'I'l'\q‘\' Cone (F) = Cone(l':‘).




EXAMPLE: COMPUTING THE EM-CATEGORY OF A COMONAD

opt
Consider ﬂ\'\ndpfreelg genevated by cells

* —+— X% % ; > %

RN

¥ —+H—— % p 3 } > % > X
Id* mMm ™

modulo the equoHons for a comonad.

o F m
Let Mnd Ft% Dist cend * 4—* 4o
the distributor A(—, S-): A% A —> Set
'For an endo‘Fur\c‘\'ov SA—>A

This o\iaqum determines a comonad (S,E,A’)
on A, and +s limit is the EM -—Cq+Q30Y5_

The functov 5’\,S<//V|na|°"+:)L Cat is
determined by the diagram

A o [as)x (1a8)

L K
1A¢1A<TiAJ,S TjA\LSZ

1(x) = (x,x, 1xix—x)
E(x,g,xLSg)z(x,g,in:fg)

3 (x,,x 5 5y) = (x,4, x 255 g%y
c(rtg,%,x‘c—wstj,g—g—»sa):(x,z)xssiSz)
The objects of lim(F) ave (x,y, x >5Sy)

such that x=y | £x“F:1;c , and HF"F‘_‘SF'F'



LOOSE MORPHISMS BETWEEN TABULATORS

Tig\rd' movphisms between tabulators

come from na‘\‘uVa\Hg of limits:

A;P‘_’B Tp
'fl ¢ lﬂ ~ J/Tx
CTD Tq,

Loose morphisms between tabulators

ave limits indexed bg a loose distributor:

Ho
) 2—>2,
pavallel P J/ ) \Ilq,
‘I‘abu\a‘\'ovs
D —#— D

Gives 2D unwersal property of tabulators.

lim&: Tp =+ Tq, determined by data
P ) N2 v
A—+HB—+HY A-—-+PX—Y

IR

A > Y A —Y
3

If D admits parq”el tabulators and

fa

pqrqlle\ binavy tabulatovs , the [|imits
indexed by J:3$ T reduce o

15(8)e—1{S(m)— LS (T)
| | l
IDo ¢ dowm ID1 Cod ? lDo



SUMMARY & RELATED WORK

* lWJe introduced the free Comp|e+ioh IF (ID)
of ID under tabulators and binava tabulators .

- Showed that limits of double functovs
T——D
may be veduced +to Iiv:\i’rs of functors
F(D), = £S(D) —— DD,
if D has tabulators & binavy tabulators.

* Charactevised Span as a right qd\joil/\"‘.
| (-)o |F:
Ad Trip, L Dbl Tab, L  Dbl,

$Span

‘ DQUUSOV\ ,Pcuré ) & Prowk show that $pcm

is a left adjoint (TAC, 2010) ond a
rig\r\'l' qd\')oin‘\' (unpubl\lshe.d) Usfng NeosVDCs .

- Niefield (2012) and Grandis & Paré (2017)

study ID—> $pan(De) when D has tabulators.

- Mac Lane (CW, Ch. IX,5.5) and Loregian (2021)

use -H\e Subdi\lision CQ‘I'esovB C§ 1o s“'low ‘an+
ends of C%C —oV CoreSPond ‘o limits 654\/.

+ Cavlson & Patterson (2026) construct the

flattening of D, closely related to £S5 (D).



