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MOTIVATION & OUTLINE

- Both functions and partial functions 1. Background on restriction
are impovtant in mathematics ~~> what categovies and douvble categories

structures In category theory should be
vsed 4o s+ud3 Fhewm ? 2. Restriction limitks

'The Ca‘l'egor!j Par of Se"‘S & pqua, _ ‘ )
: _ _ 3. Limits indexed by double categories
functions is +the Kleisl categovry for
the monad ()+1: Set — Set.

4. Limits indexed by loose distributors
A— B oewa A— B+l o AX-B

- Par is less nice than Set as a category; | GOAL: Show that restriction limits

instead we may vse restriction categories | are cervtain double-categorical limits,

% double categories. Using partial functions as a case study.



BACKGROUND ON
RESTRICTION CATEGORIES &
DOUBLE CATEGORIES




RESTRICTION CATEGORIES

A restriction cq’reﬂorﬂ is a category C

equipped with a restriction operator

t:A—8B ~a B A—A
satisfying the {ouowing axioms:
(R1) fef=Ff V f:A—B
(R2) fo3 = gof ¥ £:A-B, g:A—C
(R3) gof = gof ¥ :A-B, q:A—C

(R4‘) §°‘F :'FogT'F V'f'-A"’B,g:B—)C

Morphism f:A—B is total if F=1,.

Let Total(C) be the wide Subca+egor3 of tofal maps.

Each C(A,R) is a poset where f<g if f=gq.f.

The category Par of sets & partial functions
is a restriction category where
A <X A

A restriction functor F:C— D satisfies FF=Ff.

A (lax) +ran5'Forma'|'ion «x:F=G has cwmponen‘*s
o(:FA—>GH that are total and Sq‘l'iswcg

FA—FB
l \I/ ~ F-Foo(B: G-Foo(Aoﬁ
GA —GB

Let RCat{ be the 2-ca+e30v3 of restriction
Ccd:egories.



DOUBLE CATEGORIES

A double category ID consists of:
- objecfs AB,C,D,..
. Jrigh* morphisms f:A—B (drawn vertical)

J |oose morplnisms PA—HB (drawn hurizon‘l’a”

+cells A —H

Lo s

C——D
9,

- fight identities 1, and composites gof

- loose identities ids and composities pog

- left unitor, right unitor, associator isocells
polgor)=(pog)or

idaop=p poidg=p

ghrick
T here is a’\double cmLegorg Par whose:

- objects are sets
- tight morphisms are functions
- loose morphisms are partial functions
- cells are diagrams
A =X —B
+l J,N lg If i+ exists ~
C =YD

T he under lying 2-category whose 1- cells

oc: X oY is uniclue

thin double caJcegorH

are loose morphisms recovers Par as a

poset-enriched category.



NORMAL LAX FUNCTORS & TRANSFORMATIONS

A normal lax functor F: € —1ID is an assignment

A —— FA—F—FB

"Fl 2% 13 A~ FFl Fa lFa

C —g.v—vD FC——FD
q,

preserving tight identities & composites and

loose identities +oge+her with compositor cells:

FA 225 FC

natural +
1l ¢ (p.a) li coherent
FA —F‘ﬁFC
(pog)

Strict functor if laxators ave identities.

A transformation ©: F= G consists of cells

F'
FA—F—FB
e J/ %o leB natural
A
P
such that LP‘.dA = id%‘ and
Pp 00 c(pia)
.(_-—.(Pl“b\ i LPPQC[/

Le".‘ Db[nl be Hwe Z-Ccd‘egorg of double Catesorie.s
and normal lax functors. Similarl\j Dbl for
strict double functors.



FROM RESTRICTION CATEGORIES TO DOUBLE CATEGORIES

Let C be a restriction category. There is a strict double category IR (€) whose:
- objects are objects of C

+ loose morphisms are morphisms of C

- tight morphisms are the fotal morphisms

- cells ave givav\ bﬂ

A——B g-p<q°f
w‘l > 13 e e
C ———D 3°P =q°f-p
q,

Determines a 2-functor |R:RCatld — Dbl which is locally fully faithful.

Example: IR (Par)Z |Par.




RESTRICTION LIMITS




finmte ¢ afesoyB

™
The restriction limitof F:JT—C is a cone

with tetal components

Ta limF .
S o N\
FAZ Sre

such 'Hna+ 'For any ,ax cone

A >< wg Yg = F-FolPA"lFB
7 5N

there exists a unique morphism w:X=limF

such that Tcu = ¥, ce wheve e =11 %,

AET

is the c_ovvrposd'e of +he res+r\c\-\on aAevv\po’ren’rS.

RESTRICTION LIMITS

For a (finite) category J and restriction ca‘regorﬂ
C, there is a restriction category C” whese:

-objec‘fs are functors F:IJ—-C

- morphisms «:F =G consist of a morphism

x,FA>GA for each A€J such that
F§
FA———FB

| e

GA———GCB

Prop (Coc\rze,H & Lack): T here is a rigH‘ adjoin'}
o A:C—CF in RCatl if and on\g oF

ecach F:IT—C admits a restriction limit.

o(BuF-F:: C‘F°“A° O(BOF‘F
for each f:A—=B in J.




EXAMPLES: RESTRICTION TERMINAL OBJECTS & PRODUCTS

Case J=8: A restriction terminal ob‘]ed

is a right adjoint to C—1 in RCatl.
It is an object T together with a total
:A—T for each object A,

such that t_ =1, and tgef=1,f for
each movphism f:A—B.

map t,

Case JT=%0.1}:| The restriction produd of A

and B is an object AxB together with
total morphisms AeAxB—%B such

that fov any Sspan A<F X S>B there

IS a unigue morphism (f.9):X — AxB

such that 1,:¢f,9)=fe3g and T e{f,g¥=qF.

Example: In Payv, the restriction ferminal
(s the singleton set and the vestriction

proo\ud' is +he cartesian product.

X
“ﬁ sz pullback of
‘F\/ Mxy lﬂ 1 and |
‘L fxg

tL\h AXB—> B
Ta Te



SPLITTING OF RESTRICTION

Case J={o—1%:

The limit of a morphisn

f:A—B consists of a cone

T‘r/ P \fﬂ- T, f ave total
A——B
such +hat Q
q, 3'.]/% q,z
£
Q > p
. a, Ay
VAN v\
A—8 A——B
whevre Teu=gq, eq,.

IDEMPOTENTS

Apply to the cone: A
A aES ;
N T YN

—

Uniq/ue u:A—B such that w.u=F.
Can also show that u-Tr = lp.

E xample: The limit of a pavtial function
Ac~xEsR s X.

Prop (Cockett & Lack): A restriction category
C admits all limits iff restriction idempotents
split and Total(C) admits finite limits.




LIMITS

INDEXED BY DOUBLE CATEGORIES




LIMITS

A cone (X,¥) over a normal lax funclor

F:J—ID isan ob\'jec'} XeID & a transformation
T ——51 T ——1

Fl\é% B Fl\éf&

A morplnism of cones 'F=(X,‘P\—3(Y,"4’) IS a '|'i3|n+
MQVPNSIM £: X2V such +hat Vof =1

A limit of F: T—D is a terminal ob;)ec_'"

(lim F, ) in the Co\'\'eaovg of cones ovev F.

1d
liwm F lim F—+—|imF

LN ™| T JTe
A

A—;—>B

com ponen‘\'s
of T

INDEXED BY DOUBLE CATEGORIES

Universal property states for any cone
(X.,¥) ovev F +here exists a unique

'Hs\r\'\’ mov ph\'sm w: X—=lmF svch +hat

X—I—)X v d

wl o de u X ——X
“W\F’_;d'_)llW\F' — t‘7="\\I/ p l(FB
va | Tp J g FA——FR
FA —‘—>FP FB Fp

Theorewm (Grandis & Pave): A double category
admits limits indexed by any douvble category T
if and only if it adwmits tight limits and
tabulators .



TIGHT LIMITS & TABULATORS

Categovg J ~v double category Ti(@)
. objed's and 'th*' movphisms determined b!j C

' loose movphisms and cells ave identities

A tight limit is a limit of F:Ti(3)— D,
but this is the same as the Iimit of +he
functor Fo:J— D, in the underlying
categovy of objects and +ght morphisms in ID.

EXomp_le.; R (C) admits all -Hsh'\' limits if and
onl\j £ Total (C) admits all limits.
Tish\' limits in Par ave 'ysjr limits in Set.

A +al:u|0'l'or 'IS a |iMH’ O‘F {0-913 —P" ’D,

l.e. a loose W\ovPhl'Sm F'—A—HB n D

id
T, —+—Tp

ml e l'“'s

A——8

C
Example: If a restriction c_a+e30\r3aadmi'\'s
splittings of restriction idewmpotents, then

IR(C) admits tabulators. In Rar we have:

X =X —— X
l#
B

il 11

A X —




LIMITS

INDEXED BY LOOSE DISTRIBUTORS




LOOSE DISTRIBUTORS

A loose distributor (:ﬂ_,&): 4T is a
strict functor Q: T — 2, ={0—+ 1% such
that Q'{03=F and Q'{13=TT.

n mind -

Picture +o have

loose hei’eromorphisms & heterocells

Double Ca+e30wj ,D A~ Hom loose distributer
Hom : ID = lD determined l)\j TI"-'D"Z{—" Zl'

An alterotion @ with frame

F,G normal lax
functors

lax functor & ]]—‘_’J)_) s.t.

1S a nhormal




LIMITS INDEXED BY LOOSE DISTRIBUTORS

Suppose (lim F,#) and (Iim G, %) ave limits of

F:$=D and G:T—ID. A imit of an alteration

$ (T,1) T

l’—'l ) la

Is a loose MovPhiSM im® :limF == limG in |b
and o terminal cone O which provides o cell

Op in D for each hetevomovphism p:A+B in T

: lim &
reoms. i, s lim

“| e |

FATCB

Picture 4o have in mind-

Tio= e ID
JENNTINN
Y )lxl iﬁ\i&v’a

Note: F and G could coincide | overlap.

An altevation 8:J —> Dx2, is same as a span

]}-éQL

A limF -»1limG

omd H’S “Ml‘l' IS a pom‘\'w\se \rlgh'\’ ex*l'ens\o\n in

Dbl,e 5 i.e. pullback along st: 122, yields limit cones.



COMPANIONS & CONJOINTS

A companion is a limit of the alteration:| A conjoint is a limit of the alteration:

2£—H—> 1 A I —+— 2{ A
£ | le ~v | |Ff B |f ~ £
D —+— D B—+—B D —+— D B—+—B
The limit is a loose movphism f,A—R The |limi+ is o loose movphism f*:B—A
. Fu a 2l £
and a cell: /A\ ~ 3 B S LP nd a cell B . ,A 0
-F\l, T \1,48 1BJ, T \L‘F
R —> R B —— R

Example: IR (C) admits all companions Example: In R(C) , the conjoint of o total
since each total MovPhism I's o mehism. movphism f:A—B js o movphism f¥*:B— A
ln Par, the companion of f:A—B is such that fof* = F* and f*-f=1,.

A—<AS>8

ln [Pav, these arve the Injective functions.



PARALLEL LIMITS

A paval\el product 1s a limit of the alteration:

1[+jl_$um—>]1+']l A — B
{n.qg] e} A~ a
D —+— D C——D

The limit is o loose movphism PML:AxCﬂB*D

togethey with projection cells
P xq, P xq

AxC ——BxD AxC ——BxD
LPYN) Te (T Te J/ Te, T,
A —PH B C —+— D

q,

satisfying an appropriate universal property.

A paml\e,\ Yevrminal objec‘t s a limit of

Ho m

the Un]q’uo, alfevation from @ —— ¢.

finite
Prop: R(e) admits pavallel products

and a parallel tevminal object ifand only if

C s a cartesian restriction ca‘l‘egova.

In +his case, R(C)is a cartesian monoidal

double ca+esor5_

In geneval , a tight pavallel [imit is a
limit whose shape is T (T) LVl Ti(T).

Exqmp‘e_: Pay admits all ‘HSM' Pam”e\

limits.



RESTRICTION LIMITS AS DOUBLE-CATEGORICAL LIMITS

C ca+e30v5 ~ Lo (C) double category whose: An altevation & s PYQCESQ'S a lax cove
. objec’rs and loose mo\rphisms determined by C- over a functor F: T —C.
. _ : .- $
. hg\n’r movphisms and cells ave identities. 5 o —
>< ! ,FB §B= F'F°§—A° §B
1% ix | > \L ice
There is a loose distributor 1L —#— ILo(T) X —+— FA—— FB
. Ff
g — > and its limit is a (loose) movphism
) X _u‘_) lim F 'I'oge_H\e,\r with cells
A un}ctue loose hetevomorphism for each object in X N lim
C + a unique heterocell for each loose morphism in C . i"J, S, lﬂA Tpeu=Fa0 U
l,*
L ——L@ ¢ X oA e
X J [} | F A
IR(C) s lR (C) ® normal colax SO\-\"\S{:\JEmj a U.P. ~>a restriction limit!
Hom



SUMMARY & FUTURE WORK

- Both restriction cateqories and
double categories are useful
structures in which to study sets &
partial functions.

- We showed that restriction limits
are t+he same as certain double -
Ca’regorical limits indexed bg
loose distributors.

| ¥

j_[ —— |Lo (C)

JAE L

|R(e)—H:\M—> R(@)

Mamﬁ avenues for future work:
- Examine local CCO\proc]uc:}s and
the relationship with join/meet

restriction ca{'egories (Guo).

« Show thot restriction pro{unc:"ors
(DeWolf, Lin) induce loose distributors.

« Characterise which double CQ‘I‘eaov{eS

arise from restriction ca+e30ries.

. Upc_ow\(ng pro\')ec:\' N Ad\joini’ School
2026 withh Nathanael Arkor.



