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MOTIVATION & OVERVIEW

A double category ID consists of:
- objects A,B,C,...

+ tight morphisms A—B
* loose morphisms A——B

- cells Isquares
P
A——RB
+l , 19

C ——D

@

A double ca"'egorg is a pseudo ca{'egorg objec{ in CAT:

dom
—

; ©
D, — 14 —ID, ¢

—_—
cod

|D1"-». lD1

Companions and conjoinfs determine
loose morphisms from tight morphisms.
f:A—+B
7.8 A

'FA—)B Arasrd)

Mam:\ double cq{'egories admit all companions
and conjoints ; these might be called:
- fibrant double categories

- framed bic a'l'egorfes

— (proarrow) equipments

GOAL: Show companions /conjoin'l's are (co)limits!



ANALOGY: SPLITTING OF IDEMPOTENTS

The sp'i#ing of an idempotent e:A—A is an
objec'l: B and morphisms r:A—B and
s:B—A such that rs=1; and sr=e.

Consider an idempotent e:A—A and a diagram

3 B s
V" (1)
A—A
such that pasting with (1) gives a bijection:
+ X £ X
/ 1§ 4 \ o~ Jv 9

A——A B

Consider an idempetent e:A—A and a diagram

A < A
rN g r (2)
such that pasting with (2) gives a bijection:
A—=—A :
WY h re R
Y Y

Exercise: Show that an idempotent e:A—A
spli'ls ﬂ there is a Jiagram (1) with the above
U.P. iff there is a diagram (2) with the above U.P..



COMPANIONS & CONJOINTS VIA STRUCTURE

A companion of a tight morphism f:A—B is A conjoint of a tight morphism f:A—B is
o loose morphism ﬂﬁA-"’B and cells a loose morphism {"; B—HA and cells
£, d 1d
A——B A——A A—+—A B—— A
o A U A A L A Y A A
B—+—B A——B B ——A B——B
such that the following equations hold. such that the following equations hold.
o £
J):..J,c o |p |=| 1 7| w | e [=]1




EXAMPLES OF CONJOINTS

‘In $pan (€), the conjoint of £:A— B is the
span B<LA‘—“’A with cells:

2 A-SA B—A3A

-Fl .I,iA liA 1,1 ‘l-r l#
B+ A=A B BB

- In IDist, the conjoint of a functor f:A—B is
B(-,f-):B*xA—Set with cells:
RIALS KA

ve| o gl MloL St |y
BB —%c.)

)
B A—50t5 B o)

‘In Ring, the conjoint of f:R—S is the

(S,R)-bimodule S with leftaction sps'=s-s* and
right action sar = s-f(r) and bimodule maps
15:S—S to the trivial (5,5)-bimodule and
f:R—S from the trivial (R,R)-bimodole.

‘ln @ (K), the conjoinf of r:A—B is a 1-cell

L:B—A and 2-cells:

A -2 A B—=—A
L7 I O A A

B— B——8B



CONJOINTS VIA UNIVERSAL PROPERTY

Consider a 'ligh.'l: morphism f:A—B and a cell

such that composing with 1 gives a bijecﬁon:

| e e o = ]
B—— B—A

Exercise: Show that f:A—B admits a ccnjoin‘l:
iff there exists M with universal property above.

Consider a tight morphism f:A—B and a cell
A—3 A

floe |24

B—=—A
such that composing with € gives a bijection:
id £*
A N A B —— A
hfl B lj PN “l B lJ
X—+— Y X——Y

Exercise: Show that f:A—B admits a conjoint

if there exists £ with universal proper‘l:g above.



SHAPES, DIAGRAMS, & CONES

shape ~ span ST T in Cat
PeT & p:A+—B st s(p=A, t(p)=8

diosrqm ~~> commutative diqgrqm

Se—=—J——T

Fl J H G (%)
clool:ole.

‘D dom ‘D —a |D v~ category ID

This determines a functorial assignment :

A ——B FA —CB
-fl o J’g EJ — Ffl He 159 eiD
A—B FA =GB

cone over (F,H,G) e |oose movphism %'-X—HY and

Ge—t—T—T

1/ l l/g J /f\y .5 =dom- O
1 = @
X\=,b \? Y\ Yt=cod -6

D, D—=—D,

*aq 'l'igl‘\'l: morphism ‘PA-'X—’ FA for each A€S;
‘a 'l'igl'\'li morphism ¥g:Y—GB for each BET;
* for each p:A—+Bin7J, a cell 6, as below;

X _% \% - P,", @ are natural
‘PAl op l’\lfB with respect to

morphisms in S, T,J.
FA —+—0B !



LIMITS INDEXED BY SPANS OF FUNCTORS

A limit of a cliasram

Ge— T —

Fl JH G
D, e D, — "Bo

in a double cateqory ID is a loose morphism

lim: limF == limG, where (IimF, %) is a limit

of Fand (lim G,) is a limit+ of G, and a natural

lim

limF ——|imG family of cells ©p
vA1 Sp l«v, indexed by pe€T,
ith the followi U.P.:
FA _'-:P_)GB wi e wing

Composing with Op gives a bijection between
cones (\P’,G’,"l”) w/ apex cL:X—HY over (F,H,G)
and cells from cl':X-HY o lim: ImF—+IlimG.

‘P;l S'p l""% e Fl X 19
FA ———GB limF ——limG

Summary: A |limit in ID indexed by SETSHT
is a terminal cone over a diagram (F,H,G)
in the 2-category [f-:>3 CAT] that is
preserved by left, right:[¢-<-—3 CAT] 2 CAT.



CONJOINTS AS LIMITS & COLIMITS

diagram
Ly A
Bl l;a, l; — Jf
D, <= ID. I, B ——
im (i * imit

Bllm(nd,#):{-‘A |

H K Jf lim (B:1-ID,) = B
B——B lim (£:2-1D,) = A
X P Y U.P. v P Ly
Sl i l‘ch ) 31 x lh

dem diagram id,
fl l;aA lA — 'Fl
'D° . 'Dl.? IDo B
idg colimit

A——A

-Fl & “ colim(A:1-1D,)=A

B—A colim (£:2-1D,) =8

colim(f,id)=§*

A 1da A U.P. B £* A

Bloop i oew k| B[



PARALLEL LIMITS & MAIN THEOREM

T T Tee chape fur T heorem: A double category ID admits all
l l“ 1 el limit (co)limits indexed by spans of functors iff
parallel limi _
lDo: dom ID‘-‘- cod EIDO D admits:
° companions
* A parallel (co)limit is precisely a limit in ID, .P. N } (co)vestrictions
* conjoints

that is preserved by dom,ced: Dy =3 ID,.
* pavallel (co)preducts

arallel (co) limits
Eg a parallel product of p:A—>B and - parallel (co)ecl,ualisers } para i
q:C+D is a loose morphism pxq and cells iff

C Prq B D A C PXq B D with - {dom,cod): Da — Do %D, is a bifibration.
g\ 1 W‘J, o, l-:rb suitable | - IDy admits all (co)limits and these are

B C ——D U.P.. preserved by dom,cod: D, ID,.

Ax




SUMMARY &

- We introduced (co)limits in deuble ca'l:egories
indexed by spans of functors , and showed

Companions and conjoints are (co)limits.

- Companions and conjoints are preserved
bg any normal (co)lax douvble functor —

'Hlenj are absolute (co)limits.

: Con)ec’curu A double category admits
all absolute colimits iff it has companions,

conjoints, and (parallel) spli-”ing of iclempo'l'ents.

-URTHER - WORK

This talk presented a small partofa

larger story on Limits in double categories.

spans in CAT S ¢

T—T

é 3e.nera||'se shapes

loose distributors

between double cats.

g —4—T
7

span So—T—T, with

Y4

compatible left

action of $,=2S, and rigk'l‘ action of T3 T,



