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MOTIVATION & OVERVIEW

*Dovble categories are a 2-dimensional structure For example:
consisting of objects, tight & loose morphisms, and cells. | - Given velations R—AsB and S>>A=B, we may

take their intersection to get RNS>— AxB
* The prototypical example is Rel, the double category
- Given a function f:A—B, we may construct

of sets, functions, and relations.
relations <1A,-F>=A>—>AXB and {F,1,.Y:A» AxB

- Monoidal categories, bicategories and 2-categories also examples.| - The coproduct in Set is a biproduct in Rel -why?

- Mavco Grandis & Bob Paré introduced limits in double OUTLINE: Cover four kinds of “shape’ for
categories indexed by double categories —these are objects. | limits in double categovies, with examples.
limit _
- However , these were not expressive enougk! Theg also needed type object loose morphism
dimension
limits of “vertical transformations’-these are loose movphisms. v span of functors
1 cateqory T Ce—T—T
* However, there are many examples of loose movphisms with
_ loose distributor
universal properties which are not captured! 2 double category I g
[,—+— L,




DOUBLE CATEGORIES UNPACKED

A double (:o.‘l:egorﬂ ID consists of:
. objecfs A,B, C, .
Ca{egora Do
: {igh{ morphisms A—B
- loose morphisms A—+—RB Il

- cells p
A——B
flox s
C——D _

— ca’cegorg Di

- identity morphisms 1,:A—A and idy:A—+—A

‘ Composife morphisms go'FiA_’C and pocl=A—HC
: iden{ijcg cells P ida
P !

: B——B

. Composife cells

P
—

Fl o h . _P;_) .
c = ~  gf] Box |keh
al B lk C—
¢ —t . P
o
P Y Peq
§l « L B L& f] xoB |
r S ros
- left wnitor, right unitor, & associator cells
idop poid pol(qor)
¢ el o ¢ —ty o ¢ ——ty ,
| | | e |
¢ —t) ¢ —S) o —t— .
P P (poq)or

+ axioms and coherence conditions.



DOUBLE  CATEGORIES

A double ca{egor3 s a pseudo caiegorg ob\jech in the
z-cafegorﬂ CAT of locaug small caiegories.

,
—
D = DS =DE-—DxD=D
o, 1, 1 D" 2
N { . Trz

Therefore we have commutative dio.grqms

D,—=—D,—D,
/l\

‘| L
D+D—=D De——D——0D

and itevated pullbacks of s and + denoted

— Dﬂlxo,,D1 xt),,D1 Dq. — DixooDi xo°D1 xo°D1

and invertible natuval transformations £,r,and o

satisfying the equations - L=1=sr til=1=tr
t.a=1, and sa=1

)

(is, 1) <1 i)

%1y




SETS, FUNCTIONS, & SPANS

Let $pan be the double category whose:
- objects are sets
- tight morphisms are functions

. loose morphisms (P1,X,pz)'-A—‘_’B are spans of functions

At—X 2B

. Ceus denofeti

are commutative J.iagrams of functions

Ael—X —2oB
A L
Ce——Y——D

+ the loose idenjcijctj morphism on A is

At At A
+ the composite of loose morphisms (P1,X,pz)'-A_‘_) B
and (qg,Y,qz)iB_‘_)C IS via pu“l‘)acki

)<x5\/
P1 Ty / \/ Y‘( q,Ty
X Y

7 NN
A B c

. the unitors and associator are induced by the

universal property of the pullback

_

—_
cod

dom {.¢78) T, {,z'x./'\..g
e ——
d — — O —
S Set T‘Z Set



SMALL CATEGORIES, FUNCTORS, & DISTRIBUTORS

Le’c |D|$JC Ee U\e double ca:l:e.gortj whose:

+ objects are small categories
- tight morphisms are functors

- loose morphisms p:A—=—B are distributors, ie. functors

AOP"B E— Set
- cells denoted 5
A——RB
Flo= s

C—;v—»D

are natural transformations

- the loose identi ty morphism on A s

Hom = Al--):AxA —— Set

: ‘H\e COMPOSHSQ O'F loose morpl‘lisrw.s P'-A_'_’B and

QIB—'—’C is via coend:

A%C 2 Get

beB
(a,c) +— fP(a-b )xq(b,c)

wheve 'H\.Q SQ,"Z 1S le'Fmed. bg Jche, equuvqlence relation
3 w:b—)b’ such “ta.‘!_'
d e plewl=e & qwldW=v

a—— b——>oc

u \V)
qQ—e— b—o—)(‘,

. the unitors and associator are induced by the coend

olom

Ca,Jc—"*—’Ca.Jc/Z‘— O—Ca{/g

d.



LIMITS INDEXED

A limit in a double ca{egowj ID indexed by a (small)
Ca{egovg IS a (Sma“) limi'[ in the underlging caiegoroj
Do of objects and fiahjc morphisms in ID.

. Shape. ~> small ca.{'e,gor-j I

. diaarqm ~y functor F: T— Dc

* Cone ™ an objec’c XE.DO & natuval transformation

I—1
P
F 7
b’ X
- morphism of cones (X,¥) = (Y,¥) ~ a tight morphism

£ X—Y svch that ’W’AO'F =¥, forall AL,

- limit ~ terminal object (limF,w) in the cateqory of cones

Cone(F) over F;

BY CATEGORIES

«UP ~ for all cones (X,‘P\ over F there exists

a unique tight morphism w:X—IlimF such that
X
\Pa i“F
X _ lim
“’A/ N RN

FA FB FA———FB

Ff

Pg

Limits in double CG.’cegories indexed l)vj cq{egories are
not very inferes{ing , as the loose morphisms and cells
Plo.g no role. Several ways 1o fix:

1. Index by double caJCegow'es (Grandis-Parg)

2. Index b‘:i spans in Cat
3. Both of the above: index |)5 loose distributors



A 2-CATEGORY OF S

Ty
Let CAT  be the 2-category whose:

. objects are spans of functors in CAT

+ 1-cells are morphisms of spans (a triple of functors...)

. 2'ceus (°< f& B’)i(‘ﬂ 9a, |'11)—’('F3 ,Bz,hz) are c‘.ia.grq.ms

)

(B)e () (B)

which commu)re in the sense that:

41.’3: X p q".pz g-p
T‘\QTQ arve 2‘ 'FUY'LCtOYS
dom { /'\.E
CATS S CAT
Cod

where id(C)= C;C—‘C, dom(A—X—B)=A and
cod (A—X—B)=B.

PANS OF FUNCTORS

{3
The 2- ca’fegonj CAT

1 1 » 1

Thus, we can consider limits of 1-cells, that is,

has a 2-terminal object:

limits of morphisms of spans in CAT.

In particular, want the image of a limit cone

under dom, cod : CATE"M’; CAT to be a limit cone.

Evenj double category D has an u.nclerly{ng span
D,—— D,—/—D,

therefore ,we can formulate limits in dovble categories!



LIMITS INDEXED BY SPANS OF FUNCTORS

A limit in a double category ID indexed by a span of
functors in Cat is a Llimit in the unierlging span of

Func{'ors Dofs D1 t ‘-Do.

- Shape ~> span ¢

- diagram ~ morphism of spans in CAT

S——T—

y T
lc. (%)
\,Do

S D1 t

“limit ~ a terminal cone such that imqges under

Sy
dom, cod: CAT  —CAT are terminal cones (limts).

T ’T n Ca.'l‘ (Smau. ca.'tesor;es‘)

To unpack,we may interpret cach span in CAT as a
(free double category on a) internal graph in CAT.
Given o span ST T we have:

- objects the objects of S+T

- tight morphisms, the morphisms of S+T

- loose morphisms s(x)—xH t(x) for each

object x in I cells are similar.

A limit of (%) is a pair (limF, %) and (limG,w) of

limH:s In Do s and a universal cone (lim(F,C.,H),e) In Di A

a loose morphism.  lim : limF—== |[imG and a cell in ID

IlmF_h'm_) llmC for each p:A-+B

FA—H'P—>GB

in L, natural w.rt.

mov p\r\isms (CeU.s) i AL



PARALLEL PRODUCTS / LIMITS

Parallel products have shape 1+1=1+1=1+1.

Tke, paralle[ pro&uc’c O‘F p1=A1—'-’ 31 ancl, pz:Az—HBz Is a
loose morphism pixpzzA,*A,—'—’ B.xB, and projec{ion cells

AxA,——B:B,

| L
A——B,

such that for every pair cells o, and o, theve exists

a unigue cell ety o) such that Tr;edxy,e) = o

X —— Y
&, 8,) l CAA l {31,3.)

AxA,——B:B,

X —— Y
ﬂl Xy lﬂi
A——B,

|n $pan., Hte para.“.el Produc{' of A—=X—B and C—Y¥Y—D
is AxCe— Xx¥Y—B=xD.

In IDist, the parallel product of p:A'xB— Set and
q:C*D—Set is given by:
(AxC)%(BxD) =

pxa

(A" B)*(C"xD) — Setx Set 5 Set

+ight
More generallg , O 9pa.ra.“el. limit has shape I=1=1.

9h+

A double category admits all pava.“el Limits if and
onllj |‘F Do a.nd. D1 adm.’c a_u lmu{'s ancl Jche 'Func{'or.s

s,t :D,—D, preserve them.

Paro.ue‘. l.lm;‘l:S Were PYCV‘OUS[B trea{'ed by Gvandl-s &
Paré in 'Limits in double co,lregovies" (1999) as limts

of vertical transformations.



LOCAL PRODL

Loca[ procluc{'s have sha.pe, 1l—1+1—01.

The local prodvct of pi:A—+>B and p,: A—B is a

loose morpkism PL N p,:A—HB and projecf{on cells

t=1,2

A PP,

|
A——B

such that for every pair cells o, and o, theve exists

a un{ng c_eu <°<t,ol,_» Such ‘H'\a_t Tl‘,"("(:.,“z»: <.

X —— Y
fl CAA ls
A——B

P\ P:

X ——Y
¢l s la
A——B

CTS / LIMITS

In ‘Bpan, the local produc{' of A—X—B and
A—Y—B is A—Xx.Y—B

In IDist, the local product of p:A%xB—Set and

q: KB Set 15 AB D SetxSet =< Set.

More generally, a |ocal Limit has shape 1e—1 — 1.

Local colimits were previouslg treated by Paré in
"ComPosi'Hon of modules for lax functors” (2013), however

we do not requive preservation by loose composition.

(P,©9) V (P.09)
A . N

| e |
A .

er— Not necessarily
invertible




DISCRETE LIMITS

Discrete limits ave limits with shape ST =T where

S,L, T are discrete categorvies.

CiiVE.V\ families O'F OlDJQCtS (Ax)xes ancl (Bg)ﬂe"‘ an'. Qa

‘Fami\tj oF loose movp\n'\sms (P,;Z Asi_'_)Bti)ieI y H'le.ir
TUp;

limit is a loose morphism TF(KES)A,C_'_*TT(UGT)BS

and pvoje ction cells

Tp;
TTA,—— 118,

xX€S yeT .
. 1€ I
T l LB l i
N —
S Pi X7

Sa{'\sﬂjing the approp\ria'l:e oniversal propertg.

Both $pam and IDist admit discrete limits.

1]

Discrete limits were previous'g treated bg Paré in
the talk "Coherent theovies as double Lawvere theories”

under the name products.

In 2024, Patterson treated these in more detail in

the preprint "Products in double categovies, revisited”

Patterson constructs a double Ca{'egovg
IFam (ID) which is the free cocompletion of ID

under discrete colimits.

A double ca’cegonj ID has all discrete colimits f
the double functor

ID—— [Fam (ID)

has a (colax) left ad\’,oin‘t.



‘BICATEGORICAL™ (COYLIMITS

Consider colimits of the Shape 1e—1+1=1+1.

A cliqgmm IS a pair p1=A—‘—"B=. and p,:A—HBz, whose

colimt is a loose morphism colim(pa,ps) :A——=B,+B, with cells

A_P'i_’B;

” u; ln; t=1,2
A ——B:B,

C°|'M(P= P2)

such that for any pair of cells &y and &, , there exists a

bnigue cell [x1,%) such that [xae)on; = ;.

Pt C°|‘M(P: )

A —— B, A—— B‘fB
) l (s, ote] l[q:ez]

C——D C—+—D

ln $pan and IDist, the cells w; are restrictions,

meaning that colim(p,,p) 0T = pi (ie. they “commute”).

The universal prope_v{'ﬂ imPlies that B,+B, is a

bicategorical product in the unalerlging bicategory of
$P0m or IDist.

It is remarkable that the universal loose
mOrplniSM into the procluc'!: c_olim(Ps,PJ’A—'—)BﬁBz
itself has a universal Propeﬂ:g (of a colimit) —

this is not expressible in a bicategory!

By duality, B.+B, is also a bicategorical
coproduct in $pan or IDist | hence products
and 60proc:|uc‘ts coincide in this sense , but are far

richer in the awmbient double Ca,’cegorg.



RESTRICTIONS, COMPANIONS, & CONJOINTS ™

A restriction is a limit with the sl'\ape 2<ii‘—°‘»2.

A alio.grqm is & niche as below, and its restriction is a

loose Morpl'\ism |im(-F,p,g):A—'—>B and a cell

lim (£,p,
A I (‘FP‘B) B

‘CJ, res ls

C—P'—vD

such that for any cell « as below, there exists a

vnigue cell & such that res-x =«.
X—+—Y
SO PR

A——RBR
P lim(¥,e,9)

A companion in D is a limit of a diagram

cod 1

2
1

D,——D.——D.

1 A
lB Aand -Fl
B——B

Con\')oinfs are defined o|ua“3 (reverse loose divection).

Shulman (2008) showed that all extensions exist

if and on|3 if all companions )3 LonJoin'tS exist.

In ?(5[.30.&'1J the compqn]on and c,on\',oin{’ of :A—B is
A=A-B and AEB=8B respectively.

||n |DI'S{', a ‘Functov fA—’B has companion. 8(¥-,-):A°EB—>gef
and C.onjoin{' B(-,-): B"xA—Set.

COMpanions and. con:)oin'\:s are also instances oF colimits .



TECHNICALITIES: NORMAL L

For a diqgram F:T—D, admiting a limit (IimF,Tr))

we obtain a Span I=I=I and a cone:

1 I L

Bl i)

o S 1 t

o

8o,
If this is a limit cone in CAT | then we say F is a normal limit.

This means the pqra“el limit consisting en{irely of loose iden’ci{:g

morphisms is again a loose identity morphism.
In practice , many examples of (co) limits are normal.

Normal limits (lim F, rr) admit a two-dimensional universal

property , the sense of (Grandis & Pare (1999).

MITS & REPLETENESS

Limits in ID indexed by spans of functors ave unique up

to iswworphism in D,

However, given a diagram
Se— T 25T
F l lH 1&
D°< S D1 t \'Do

admiﬁing a limt lim:X—Y and choices of limts

limF 2 X and limG==Y, there may not be a loose

morphism prlimF—HlimC\ and an iso p=lim in D,.

A double category such that ,4Y:Di—D,xDs is an
isofibration is called reple{e_ , and here we may qfwags
reindex limits a|on3 Jcish'\' iSomorphiSMS. This

property was called horizontal invariance by Grandis-Paré.



A CONSTRUCTION THEOREM

T heorem: A double category admits all limits indexed Given limits (imF, %) and (limG,+) we obfain cones
b‘j spans O‘F 'Func‘l:ors if and OV\,B i-/: it admits paraHe[ I —_—) 1 I N 1
v.-U .
limits and restrictions. Fu lc _ av l <:V
limF him G
Proof: Given o diagrqm D° D"
S (U‘_ I L) T ino\ucing 'tialﬂ' morphisms imEF—limFU and limG— lim GV.
= H G .
D'« J« l Finally, take the restriction of
| —— D,——D, - ,
° ot limF—+—1imG
construct the pc\va“el limit of the diaavam res l
=11 limFU——im GV
F G tm
MJ, J,H ,I, v to obtain the desired limit lim: limF == 1imG.
Do s DiT) Do

EXERCISE: Check that the universal property holds.

to obtain a loose movphism limH : lim FU —— lim GV.




DOUBLE FUNCTORS & TRANSFORMATIONS

A lax double fonctor F:& —1D is an assignmenf

FA—E-FC

'Fl o lg FFl F lFa

9 Fq
preserving tight identities & composites | together with

w

unitor and laxator cells (satisfying several axioms):

FA—SSFA  FA——FB—r—FC

1ea l Ma llFA 1FA1 Mg l 1ec
FAWFA FA F(:pOav) *FC

- Called normal 1f Ma s iden‘l'i'hj cell, pseudo if
A and pp,q are nvertible , strict if identities.

* For a colax double functor, -“ip Ma and Up,q .

A transformation between lax double functors

F
/\

C 4+ DD

~—
G

consists of a fowily of cells

which are natural and satisfy certan coherence axioms .

Le_t DBLM be the Z-CQfegorlj of cloulale, Ca’tegories,

normal lax functors, and transformations.
(_)o

CAT._ T DBL,,
Ti(-)



PRESERVATION OF LIMITS

Let GpH(CAT) be the Z-Cafegovg of internal graphs
in CAT, and let RGph (CAT) be 2-category of
internal reflexive graphs in CAT.

A lax functor F: € —ID is a riglﬁi‘ acUoin{ if its
vnderlying morphism of inteynal 3rqphs in CAT

C—C,—C,

[ T

D.——D.——D

1S a r'\gm' adJoint in Clpl'\ (CAT)'

]

ie. Fo and F, admit
left adjoints strictly compatible with source|target fonctors.

A normal lax functor F: € —1ID is a uniform right adjoint

if ks Unc\ev\vjing MO\rphism of internal reflexive grqphs
in CAT is a righ‘\‘ ad"\o'\n'\' " RGp\r\ (CAT)

Proposition: Limits in double categories indexed
by spans of functors a preserved by right adjoint
(lax) double fonctors. Normal limits arve preserved

53 vni form ri3h+ adjoin+s.

Lemma: Companions and conjoints ave preserved

b'd any normal (lax[colax) double functor.

Proof: A companion of f:A—B isa pair of cells

such that ToOOT =1;,, and T o7 ='wl4:.The,se,

eqvua.{:ions are preserved bld an novmal double functor.



LIMITS INDEXED BY

y Shape e Small double cafe,gory I[
- diagram ~ normal lax dovble functor F:T—ID

© cone ~ object X EID and transformation

1[—»11
/

y Imorphiswl of cones (X,X)—’(Y,"I’)"’" a 'Hgk"’ movpl'\ism
f:X—Y suvch that vof =V,
. |imiJc ~s terminal object (\imF,Tr) in the ca’cegova of cones

Cone(F) over F:

)

DOUBLE CATEGORIES

A tabulator is a limit whose shape is 2={o-+>13.

A double co.‘l:e,gowj |D aclmi{s all 'l'.al)u.l_a.‘tors i'F and onlxj
if the functor i1d:Dy— D, has a riﬂH adjoin{‘.

ln $pan, the tabulator of Ae—X—B is X.

IY\ IDIS't ) ‘H\e CG.{QSOYS O‘F e,l.e.men'l'.s O'F P5 AOP" B_)Se'li.

A tight limit is a limit whose shape is Ti(C), whose objects
and movphiswns are from C and loose movphismslceus are dentities, but

these are equivalent to limits of functors C— D, .

T heorem (Grandic-Pars, 1999): A double category
D admits [imits indexed 53 any double co.{egorvj I

if and on'g if D admits {igh{ limits and tabulators.




LIMITS INDEXED BY LOOSE DISTRIBUTORS

- A loose distributor $ 4T is a span Soe—T1T—T,
with a compatible left action of $ and right action of T.

- A loose distributor is a double functor I — 2

into the loose interval.

- A loose distributor is seen as a movPhism I,— I[t

between double categories as follows.
I—T——I,
I B
l—7—2—7F—1

‘We have 2-functors below, where Hom (ID) is w:1Dx)1—72

DBL../? === DBL..

: Shape ~> a loose distributor T—2 or ][5_“_’11.

— D2

N
NN

. diaarqm ~n)

I . )
IS ]]:-l: v altevation lp_) 2
Fs l F Fe .dl'agva'w\ F = FV i=/P
|D —_— ID with weight W 'D
Hom I\)
- cone ~ a modification ¥ between alterations OR
I
][s_“_)]]:k I
'I l |' ‘ oy ]]:s_'H][+
1——1 =] ¢ |
o A D——0D
Hom
D—+—0D

- limit ~ terminal cone preserveal bH dom,cod: DBL, [2 = DBL,, .



MAIN RESULT & SUMMARY

HOM

- A paro\”el tabulator isa limit whese shape is —— 7 - The double ca{egories $pan and [Dist admit

all Limits indexed by double categories and

- A “homologous limit" is a limit whose shqpe is Ti (s)——Th (T), _ _
all Limits indexed by lovse distributors.

buf 'H’lese are eq/uivalenjr “to ’imi{:s indexed by Spalns SI-T,
- We have shown that limits indexed by loose

- A pamllel limit s a limit whose shqpe IS ][—H‘;L][, ond a

Howm distributors | f functors) capt
tight pavallel limit has shape Tic)——Tic). istributors (or spans of functors) capture many

existing concepts including:

Theorem: A double category ID admits limits * local and discrete limits
indexed by loose distributors if and only if ¥ bicategorical Limits

D admits: _ ¥ Companions and conJoinJcs
(1) Pavallel tabulators —  Pavalle] limits

- /V\o.mj current and futuve research divections:.

@) Tight parallel limits | *Sufficient conditions for completeness of $pan(e),
. Rel(€), Mat(ID) , Mod (D), etec.

(3) Restyictions — Homologous limits

] "Cons{ruc{ing (co)completions of double ca{egories




