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MOTIVATION & OVERVIEW

-Double cwl:egor[es are a 2-dimensional structure

with 2 kinds of morphism .

+ The proi‘o'hjpiml e_><qmp|e is the double ca.{egovg
IRel of sets,

functions , and relations.

-Limits in double categories were studied in the

seminal wovk of Grandis and Paré in 1999.

- In theiv wovk, limits ave indexed by dovble categories,

and ave objects —but many examples are not objects!

+ Today, | will introduce limits indexed by loose
distributors between double categories; these are

loose mov p\r\] SmMS.

- Ouv running e_xqmple is the double Co.Jcegorg IRel (C).

PART 1: Background on double ca+e3ories & relations.
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BACKGROUND ON DOUBLE CATEGORIES
AND RELATIONS




DOUBLE CATEGORIES

A double CCZL{QSOTS ID consists of :
- objects A,B,C,D,...
: ‘Ititht morphisms A— B (USUO-[[3 drawn Ver":fco.llg)

- loose morphisms A -+ B

(usuauﬂ drawn korizon{aug)
P
A —+—
fl o= |
B——D

g,
- |dentities 15 and composition gef in tight direction

- cells

- |dentities id, and composition poq in loose direction
id,0p

: ) i _po|id_3) i . poelqor) .
” L (p) “ “ r (p) ” ‘ a(p.q.r) ”
P P (peg)or

left unitor right wunitor

associator

A double ca:f:eaorg IS a pseudo cafeaorg oEJ'ech in the
Z-Cafcegor\j CAT of loca.“tj small cq:l:egories.

dom .
Do<— i _)D:":_ °— D’-= D’-XD.D‘I.
Cod T,

Examples

. Ca{egovie,s, monoidal categories, 2-categories, bicategories
+ $pan - sets, functions, spans, span morphisms
+ IDist - categories, functors, distributors/profunctors
- IMat(V) - sets, functions, matrices in V dist. monoidal
- Mod (V) - moneids , homomorphisms, bimodules in nice V

* ”.oc, - |ocaleS/'Frames, l'\omomovphisms, le'H' exac‘t 'FuncJCions



DOUBLE FUNCTORS & TRANSFORMATIONS

A lax double fonctor F:€ —1ID is an assignmenf
P F
A—— C FA —+>SFC

fl x 19 F o lFe_:,

BR——D

: FB ——FD

preserving tight identities & composites | together with

~ Ff

unitor and laxator cells (satisfying several axioms):

FA—ESFA - FA——FB——FC

1FA1 Ma llFA 1FAl Heiq liFC
FAWFA FA FlpomFC

- Called normal if Ma is identity cell | pseudo if
A and pp,q are vevtible , strict if identities.

*For a colax double functor, flip Ma and u,p,g .

A transformation between (co)lax double functors

=
/\

C U¢ D

S~
G

consists of a family of cells

which are natural and satisfy cevrtain coherence axioms.

To study [imits, we are interested mthe 2-category
DBLat of double ca{egories, normal lax functors , and

transformations.

Fov ColI‘Mi'ITS, we Uuork wi'H'\ DBL,,C instead.



FROM RECULAR CATEGORIES TO RELATIONS

- A reqular epimorphism is a coequaliser of some parallel

pair of morphisms.

- A ca’cegorﬂ with finite limits is called regular i

* COecLua.lisers of kernel pairs exist;

* reqular epimorphisms are stable under pullback.

¢ — .

3 | - |4

« — 5

f reg. epi. =

g req. epi.

Given a regul,o.r co.Jcegonj C, let Rel(C) be the

double category of relations in C, whose:

- objects and tight morphisms are the objects

and morphisms of C;

: R : :
- loose morphisms A—+> B are relations in €,

that is, monomorphisms {g,rp): R—A<B .

- cells with boumiarg

R

A—l—)B R <€RrR A B

'Fl lg Q) l Q J‘-Fs
C—D S P



THE DOUBLE CATEGORY OF RELATIONS

d
* The identity relation A—>A s {1a,14): A AxA.

]
JAYY
- The composite RoS of relations

R S

A——B——C

1S compu’ted as follows:
RoSe—= Rx,S—— B

w12 ]

AC‘TR S—’BB

where (*) is from the (reg.epi.,Mono) factorisation in C.

Ker()) — 3 X ——» I

Exevcise: show that cells in IRel(C) are closed under

‘t]gh{: composition (eqsg) and loose composi'l'ion (harder).

The double cateqory Rel(C) determines a
(pseudo) coiegorg object

dom

C—u— Rel(c)i‘L Rel(C)ixe Rel(C)i

where Rel(C), is the category of relations and cells.

A . A——B ., B
-Fl PR— fl lg — lg
C C—S'—>D D



_IMITS INDEXED BY
DOUBLE  CATEGORIES




LIMITS INDEXED BY DOUBLE C/\TEGORIES

' A (|ax) dlo_gram Is a. normal lax A_0uble, ‘Func'l:or FI—"D I'm Ilm F_'_’llm F

whose domain, called the shape or index, is small. / \ te l i lTrD

FC——FD

A cone (X,y) over a diagram F:I—D is an object

tural ’c. | I h that w4, = id d
X in D and a transformation ¥ in DBL.,,. fatar ‘;” cells '"d e dn d;: an
]I;, ]L T N ]L lim F—— limF ——|im F |'MF_,|\,_)|'MF
1 | N I S
voOOF F + i
ID& FA—F—FB—"FC = limF——limF
I R
A mmphlsm O‘F cones 'F ( ) Y"I’ IS a‘hah‘t‘ FA : ’FC FA FC
morphism. £:X—Y such that weof =¥ F(poq) F(req)

T heorem (Grandic~Paré, 99)
A double ca’cegond D admits limits indexed bg

- A limit of F:I—D is a terminal obJ'ec‘l‘ (limF, T) in the

t Cone (F) of F.
ca eaorg one oT Cones ovev any douHe co.‘ltegorg :[[ H_- and on,tj if

D admits Jcigkjc limits and tabulators.

This is an object limF and o cone ™ which provides

for each f:A—B and p:C+D




TABULATORS

- The tabulator of a loose morphism p: A——B

is a cell id

such that for any cell ¢ as below, there exists
a unique tight morphism w:X—Tp such that the
Following equation holds.

id % Ml i lu

¥>l<_°‘<_) 5 = Tf . -T’
A P B A—uP—)B

- A Habulator is a limit whose shape is:

gl :{O—'—>1}

- D admits all tabulators if and on|3 if the functor
id: Dg— Dy has a righ'l‘ adJoin‘t T: 1D, —D,.

Rel(C) has tabulatoers.
The tabulator of R:A——B is the cell:

R ——=5R=R

1Rl lla* o

R ) <{R,'a>! AXB




TIGHT LIMITS

+ For each cateqory C, there is a double category - Rel(C) admits all finite tight limits, since
Ti(C) whose: C has all finite Llimits.
- objects and tight movphisms ave the objects and
movphisms of C; Proposition
~ loose movphisms and cells are identities. The double category IRel(€) of relations

In a requlav ca'l'e_jorvj C admits all limits
indexed by finite double categories. If C admits
small limits, then so does IRel (C).

- A J[igk’[ limit is a Limit whose sho.pe, IS TF(C) for

Some cateq ory C.

. Tigkjc limits in a double category ID are precisellj

Moreover, Rel(C) admits all colimits indexed by
limits in the underlging ca’ce,gonj DO of objec’cs and

double categories if and only if € is cocomplete.

tight morphisms.
-H-L(C)L’ID — ¢ —Fe, D, - To cap"'ure richer notions of limits n

double CaJce,gories . we need to index bg a

different {390_ of SlrLa.Pe.!




_IMITS INDEXED BY
L00SE DISTRIBUTORS




LOOSE DISTRIBUTORS

-In ordinavy category theory, a distributor or ‘We can depict a loose distributor as a double
profunctor P: C—>D between categories is equivalent category with some mavked loose arvows,
to o functor into the intevval category 2. often called loose hetevomorphisms.

*In dovble category theory, we have two Rinds of
ntervals: Jf'lgh{ t-— 3 and loose {+—-}.

0
we— N
P e«— 0
/]
W —— N

- A loose distributor is a double functor IT —2

into the loose interval.

-For each double category D, there is a
* A loose distributor is seen as a morphism [;—— 1T, Hom loose distributor given by Dx2—17.

between double categories as follows.

][:_, > I« I_’]L
-

l——3 ——1

‘Unlike distributors between categories, loose

distributors do not compose in genera,l.




ALTERATIONS & MODIFICATIONS

A (normal lax) altevation with frame

I
[——I "oy
i l ¢ J« g I,7 loose distributors
J——1,

is a normal lax functor I —T over 2 such

that the ‘followinS e1uq+ion helds .

| I e [— T—1I,
J—J—J, = l - l Ll
I= | bt le—=2 —1

A modification between altevations

[—+—I, . TI——TI,
Fl & lc. — F’l 5’ lc’
L——T. L——T.

is o transformation m: 2=3' over 2 such

'H\a.'t 'H’IQ ‘FoUow-\nS diaqum ‘Commu“'e,s".

- There is a 2-cajcegor3 1.Dist,.= DBL,./2 of loose

distributors, alterations , and modifications.



LIMITS INDEXED BY

Suppose (limF,¥) and (imG,¥) are limits of F: I—ID and
G:T— DD ,respectively . The limit of an alteration

is a loose morphism lim®: [imF == 1limG in D and a
terminal cone © which provides for each ke“:eromorphism

PA—HX in IL a ceu_ BP n |D Sa'HS'Fgfng several

natural axioms.

im &
|im F_|'—’|lmc|

Xﬂl ep l '\Vx

FATGX

LOOSE DISTRIBUTORS

-Ecllm}va\en{:\tj, an altevation &: I — IDx2

info the Hom loose distributor determines a span

loose_ d;s+r|-bu"ov

f
_)2
N i

and its limit is the pointwise right extension
in DBLy¢, that is, such that the puuba.clt o.[ong
st:1—2 yields limit cones (limF,¥) and (limG,¥),

diaﬁram

VWV Limits of alterations can be pa{holosical unless

D is replete : (dom,ced): Dy— D, xD;, is an isofibration.

lim &

) b o

l 1=

|12



COMPANIONS

- A ‘|‘]3H morphism f:A—B has a companion, loose

morphism, f,:A == B if there are cells

such that TOU’=1;,, and 0‘°'t='wl,c.

‘In Rel(C) , the Companion of f:A—B is the relation
10,7 : A>—> AxB with cells:

A—5 ALB A2 AxA
| Peas 2] L

B)TB)BxB A—— A=B

{1,.8)

& CONJOINTS

- A ‘I‘lgl’t't morpkism f:A—B has a Conjoinf loose

morphism f*B—+A if there are cells

such that M0&=14s and Mee=1dg.

- In lReL(C)) the conjolnjc of £:A—RB is the relation
(F,12): A>> BxA with cells:

Ar—2 5 AxA Ay

1Al lhiA l
Ar——B=A Br——

F1,)

—BxA
laxf
—— B+B



COMPANIONS & CONJOINTS AS LIMITS

- A double Ca.{'e.gorg admits companions if and onltj F A double co.'l'e_gonj admits conjoints if and on.lﬂ fF

it admits limits of an alteration whose shape is it admits limits of an alteration whose shape is

heteromorphism
mavrked In

marked in l
orqnﬁe

orqn3E

i) heteromorphism O
1

—+— 2 1 ——2

wheve 1 -2 is sent to am ielenh'{b loose movphism.

wheve 1 -2 is sent to an '|clev\h'{3 loose movphism.

5 X _P|_)Y - Companions and conjoints also arise as colimits of:

X —+—Y al 3! h —+— 0 0O——2
S hemed TN
B ——R *l H 2 1

BTB

* Companions and conjoints are absolute Limits —

they are preserved by every normal lax dovble fonctor.




RESTRICTIONS

- A restriction of a niche (f,5,9) is a cell res(f.s,q)
with the following universal property:
-
X——Y
h ell R

4

A f,0509* B

§ | reslfsg) | g

fh

X
|

1]

Y
[ =
D

C

L 4

C ——D

)
- An extension of a co-niche (h,r,R) is a cell ext(h,rk)

with the following universal property:

-
) X ——Y

X —+—Y h | extlhrk) | R
{_hl » lgk _ A h*Or O Ry B’

C —;—» D f | L g

C——D

& EXTENSIONS

- For a double caiegorg D, the -Fo“owing are eq’u'Nalenf:

* ID has restrictions
* ID has extensions

* ID has companions and conJoinJcs

* the functor {dom,cod): ID,——IDyxID, is a bifibration.

In IRel(C), restrictions are computed by pullback

and extensions are computed by factorisation.
<la )
o )—)AxB R . X Y

lJ l{-‘xa :";,‘-?'l T lhxk

S’W CxD - —— AxB

movo.

- Consider an identity cell in Rel(€) on f:A—B.

id

A—=A * fis mono &  idg= res(f,idg,f)
Bl ide [F

R——8 * £ s reg. epi L= '.d#c‘_-ex-\: f,ida,f)

idg



RESTRICTIONS & EXTENSIONS AS (COILIMITS

* A restriction is a limit whose shape is:

heteromorphism

2 X
l marked In
3

oranat

0
|
1

—

- An extension is a colimit whose shape is:

O 2 heteromorphism
l l marked In

(o) r0ﬂ3€
1 3

-Restrictions and extensions p|05 oan impor’ranf
role ‘l:hroug\f\ou'\' double Cod'egovg Jcheorg, o.nd. o-Ften
intevact well with othey Rinds of (co)limits,

- A tabulatov is called effective 1§ the corre.spono'fns

cell is an extension —a kind of exactness properfg.

- IRel(C) has effective tabulators,

 The mage factorisation can be computed as -

1d
9 A——A
A —_—) A Yeg. epi. a reg. epi.
£ l ext ll ~rD Im (;)_._) Im (-f)
B —_—— 1 N Mono. +ab
‘l'crm\na‘ 5 _l_) i

obje_c:t



PARALLEL PRODUCTS & PARALLEL LIMITS

A Pava”el product is a limit whose shape is:

O 2 he+eromorph{5ms
mavrked in
orange
] ——3

 The pavqlle[ product of loose movphisms p:A+B
and q: C—+—D is a loose mor phism pxq: AxC —— BxD
fogeﬂ'\er wi th Pro;)ecjc'lon cells

px

AsC—r—BxD  AsC———BxD

nlow | |
A ——B8

Sa{isﬂdins the appropriate vaivevsal propev‘l‘g.

- A double categovy with all products and Pa.ra.“el_

produc":s iS a Car{:es;an double Ca‘tegorg.

'RQL(C) haS pava”el prooluc,'l.'s: gi\len RA—HB
and S:C D we have RxS:AxC —— B=xD.
<{z,{55 x{rp,¥s)

RxS)—)(AxC)x(BxD)

- More genevaug, a ‘tigkf Pamllel Lymit is a limit

whose S\nmpe is the Hom loose distributor
Hova
Ti(€) —— T (C)

'Fof Some Cau.'l:egmr3 C

- IRel (@) admits all finite Hg\ﬂ'l' ponro\\le‘ ’fmi",'s;

colimiks ave more subtle.



LOCAL

- A local product is a limit whose shape is:

heteromorphisms
marked In
oranae

0——1

0—+— 1

* The local product of p,,p: A——B is a loose morphism

PAP.: A—>B and projection cells with the vnversal property:

r\

X ——Y fl 3 la

fl Vo la

|
>

pe

>

>
oo

SN BN
: i=12 A—Py—>B

PRODUCTS

A cartesian double category with restrictions

has local products.

P./\pP2
A —+—R

lAB
AxA—t—»B B

Pax P2

- [Rel(€) has local products (and all local limts)

given by "intersection” of relations.

-Local limits are not necessqrilﬂ preserved by

composition with loose morphisms.

Pi AP q
A——B——C
“ 3! ‘ ez— Not necessarily
' inver tible
: »C
(P.©9) N (P.0Oq)




PARALLEL

- A parallel tabulator is a limit whose shape is

Hom

) ——

-An alteration with this shape determines cells in ID

A — C——D

e
: > D

3

|
A———D A

whose parallel tabulator is a loose morphism Tp == Tq

between tabulators and a cone gwen by cells

Tp _'—’Tq Tp _'—’TCL Tp _'—’Tq

'ITA l T"r' l “C_ “B‘I' 1T rz l“o “A l 1Tr3 J{Trb

ri ra r3

which are Suifablﬂ compatible with o and B,

TABULATORS

-IRel(C) has parallel tabulators, although they

are a blf Complex ‘l:o Compute.

A parallel limit is o limit whose shape is

Hom

I —w

Theorem (Grandis-Paré ,99)

A double category admits parallel Limits
if and only if it admits parallel tabulators
and tight parallel Llimits.

T heorem: A double ca’cegovg D admits limits
indexed bg loose distributors if and onll:] if
ID admits para[lel limits and restrictions .




BIPRODUCTS IN Rel(Set) AS COLIMITS

- Considev the colimits in IRel(Set) with shapes :

O \ /\/, O heteromorphisms

2] |2 et
] — T

. Given R:A——>(C and S=B—HC,we have o

relation A+B——= C given by:
<-£R,rg> +(Ls, rgy

R-l-S )—)(Ax C)-l-(BxC) =

“Dually,
relation C—— A+B given by:
CLr, ) +(Us; rsh
R’+S’>—3(CxA)+(CxB) ~ (C x

(A+B)=C

given R:C - A and S': C—B ,we have o

(A+B)

- The c.oPro:)e_c‘[‘ion(s‘) are cell(s):
R
A —_— C R > Y A xC

”—Al Or “ “Rl | l waxl

A+B ——C R+S—— (A+B)~C

- Since Set s extensive, these are restriction cells, hence

(2 a)s colim R

(28)s colim R
BR—— AtR—— C = B—4(C

cEM AR — c AL A
colim (s)* R
C=SAB——>BR = C——8

- Since colimits ave vaigue up to isomorphism, we recover
A+B as a “b'lproo\uc‘l: n '|:he Ca"'esond Qel.”, bu‘l:

demonstrate a fav richer universal propev'lig n IRel.



SUMMARY & FL

- [ntroduced |imits indexed by loose distributors.

Theorem: The double category IRel(€) of
relations in a regular category C adwmits all
finite Limits indexed by douvble categories,
and all finite limits indexed by loose
distributors.

- The double category IRel(C) is fav richer than
the category of relations, and many natuval
constvuctions arise as limits in this setting,
including companions, conjoints, restrictions,
extensions, pavallel products, local products,

and “b'lproduc‘tsu.

RTHER WORK

There are many avenues fov further reseavch:

'Explohr\a the relationship between IRel(€)

and $pan (C) - a reflective ad\junc‘l:fow.

: |wve,s4:iga’ce (Co)liMf{'S In O‘H'\e,V doub,e Ca‘l’egar;es

of interest 4o categorical a\gebrq.

'Deve,\oph\g Hr\e,ovy of doulo‘e l\'mf{' SlQe'l'c,he_S

(see Lambevt- Patterson, Cartesian double theories).

. Demows‘crah'na how exactness properties in

lRel(C) relo.’ce ".’o proper‘l‘fe.s OFO\ Y'e.sudar
ca,{'egonj (e.g. qur— exac_‘t, Mq\'\'se\l) GourSa"Z).

. Clr\avac’fe_v'\sing Rel(C) as a $ree (co)completion

undev cevtoin limits (see Lambert 22, Hoshino-Nasu 25).



