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MOTIVATION & OVERVIEW

double

> | 2-categories | +

bicategories

CQ.'l:e.gories

. Theorg of (collimits is funclo.men{al, but rela’civelg un&eveloped.

for double ca‘cegories compared to 2—ca{esories/bicategories.

GOAL: Develop a suﬂ-icn'en’cly rich notion of Iimit jn

double cateqories to express all examples of “Limit-like”

constructions — even those not possiHe wi’ch bica’cegories.

. Keﬂ advantage: double categories have 2 kinds of objects:

dom

Ty
€ ¢
lD = Do:_ o D1 z_ &= D1x°oD1
(] cod ;S T,

objechs

loose m orphisms

s Suggesfs 2 kinds of limits in double ca{'egories'.

PART 1: Limits indexed 63 double categories I

lim F lim F_I'd_’llml:

/ \ xcl Bp J,XD
——FB FC——FD

- Introduced by Grandis-Pare in 1999.
+ Constructed from limits in Dy and tabulators.

P
PART 2: Limits indexed 53 loose distributors T —+— J

IIME
||m F_'—’hm

- Capture pavallel limits and many new examples!

- Main theorem: chamc{er'\sinj ID which admit all limits.



BACKGROUND ON DOUBLE CATEGORIES

A double CQJcegonj ID consists of :
- objects A,B,C,D,...
© tight morphisms A—B (usvally drawn verfica_llg)

- loose morphisms A—> B

(Usuallfj drawn horizon{aug)

- cells

A——C

fl = [
B——D

q,
- |dentities 1, and composition gef in tight direction

- |dentities idA and composi{ion poq in loose direction

id, O P poidg po(qor)
. ° ° ° ¢ ——mtf— .
” L (p) I “ r (p) ” ‘ a(p.q.r) ”
¢ —t—) o ¢ —t) ¢ —t)

P P (peg)or

left unitor righ‘l: unitor associator

Examples

- Category C  ~~» double category Ti(C)
* objects & tight morphisms come from C

* loose morphisms & cells are identities
- 2- categories, monoidal categories, bicategories

- Rel - objects ave sets, tight morphisms are functions,

loose morphisms are relations
- $pan - sets, functions, spans, span morphisms

- IDist -~ categqories, functors, distributors [profunctors
P o
A—fsc A", C—E_
i l X lﬂ (2% 'Fofxgl ,lL o
B——D B« D—/qll

)

Set



LIMITS INDEXED BY DOUBLE CATEGORIES

A unijmrlj la.x 'Funcjtor F= (L_’lD 1S an assignment

A——C FA—E-FC
'Fl X 19 ~ FFl F o lFa
B——D FB ——FD

preserving tight identities & composites and loose

identities, together with laxator cells:

FA—+—FB——FC
[ e
FA F(:Poav) *FC

unitary lax functor functor

A limit of F:I—1D s an objec{ imF and a terminal
cone ¥ which provides for each f:A—B and p:C-D

id
||m ||m F_'—’llm

T

FC——FD

natural wrt. cells in I such that &4, = idy, and

1d id ~  idoid
||m F_l'—)hml:—"—’llml: |im —'—>|lm|:
% ¥p le %, |y -‘”-: ‘
V¥ F |: hd _ l
FA——FB—+—FC = limF——IlimF
‘ c(p,q) ‘ ¥a ¥poq L1
: 3 —t—
FA F(pog) FC FA F(poq) FC



TABULATORS & TIGHT LIMITS

- A tabulator is a limit whose shape is

2:{0—'—’1}

* The tabulator of a loose morphism p:A——B is a cone

Tp—r—Tp

A—;—)B

- A double co.Jce,gorg ID admits all tabulators if and onlﬂ
if the functor id:Dy— D, has a rigH acijoin'l‘.

‘In $pan , T(A—P-B)= P
“ln Rel, T (R:AB—{1-T})={(a,b) eA«B|R(.b)=T}

: lYl |D|S'|: ) 'H\e CQ{QSOYH O'F e,l-Q.W\%ﬂ'l;S O'F P: Aop" B_’ge{.

- A JcigH limit is a Llimit whose sha.pe 1S

T (C)

C Ca.‘te.gorg

g Tlgh'lf limits in a double ca{:egorg D are preciselg

limits in the underlging ca’cegorg Do of objecjcs and
Jcigkjc movph'\sms.

Tic) = ID o C— D,

. Exa.mpl.es: procluc{s, eq’ualisers, pu“bo.c,ks, terminal ol:jecjcs.

Theorem (Grandis-Pars, qq)

A double category D admits limits indexed by
any double ccd:egor-j I ifand on,g it

D admits Jcigk't limits and tabulators.




LOOSE DISTRIBUTORS & ALTERATIONS

A loose distributor P-C =+ D 1S

1) a distributor between Pseudo cajcegorﬁ objec’cs in CAT
(:a(i P L‘ Do C.*c.PL)P Pxo. D14_)P

2) a functor P— 2 into free double cwl:egonj {O—ng

3) for cach A€ @ and XEDD, a collection P(A,X) of

|oose l'\ejteromorphisms A—HX ond se% O'F heterocells
A A —i— ><
el s
B B ——Y
for each frame of tight morphisms and loose heteromorphisms

Jtoge'l:‘ter wiHl compa{:iue le“.' o.d:ion 55 d: a.nd H'gh{ o.chion by ID

P e——ID

ls D

COI.I.G.SQ O'F

P:C+D \(L//

AY (uni{cur3 lax) alieration with frame

P
L——J
F G unitary lax
F J, ¢ l £ Ufunacgors
ID Hom ID

is an assignment on hetevomorphisms and heterocells

A —— X FA —25GX

Fl lg — Ffl é x 163 in D
B——Y FB 5 GY

preserving identity and composite heterocells together with cells

e »FA é-.P »GX §:P G X oy
TR N
ﬂ%b P) *GX FA §:(p<r) > GX



LIMITS INDEXED BY LOOSE DISTRIBUTORS

Suppose (limF,¥) and (limG,¥) are limits of F:L—1ID and
G:T—1D ,respectively . The limit of an alteration

[—+—J

Flélc

n lD anol Qa
P(AX)

is a loose morphism |im®: limF = limG
terminal cone © which provides for each p:A-»X in

lim ¢
lim F——1im G

“| e |

FATGX

in 1D

natural w.r.t. heterocells of P:IT+7J and So.Jcisﬁjina

id lim @ ‘ldgllvv\&
IlmF—|—’|lm F—limG lim F —— |im G
| wowl oo | | 2 |
FA——FA——(X = |limF—— |imG
B

§;%°P) \ FA m)cx
lim® id imdoid
lim F ——lim G —— lim G lim F —— |im G
81 o [ x| | = |
\CX —GX’ = |limF—— |limG
u con | n] o |
§=(W) » X FA;‘;’)CX

V' Limits of alterations can be pathological unless
D is replete : (dom,cod): Dy— DoxDs, is an isofibration.



COMPANIONS, CONJOINTS, & RESTRICTIONS ARE LIMITS

- A restriction is a limit whose shape is (the collage) - A double category admits companions if and only if

it admits limits whose shape is
0 o) 2 2
I—1  1—]l - -

- The universal property states (assuming repleteness)

- A double ca{egorg admits restrictions ifand onlg f

X——Y X——Y it admits companions and conjoints,
3l a
" J« /k " l “: \/k * Rel, $pan ,and Dist admit all restrictions. E.q.in Rel
A Y« C = A——C ArC == R0
.FJ« va .F‘l« res \;3 Fxgl \\3
— —
B——D B——D B:D —4—{1—T}

We choose the limit of a tight morphism o be its domain.

- Restrictions, etc. are preserved by any unitary lax functor.



LOCAL LIMITS

+ A local Limit is a limit whose shapeis 1 —— 1.

- For example, a local product has the shape

ol . |0——1| [,

0—— 1

* The local product of p,,p,; A—>B is a loose morphism

PAP.: A== B and projection cells with the universal property:

) X ——Y
X——Y fl 3 la
Flove s = AR
A——B ||

1=1,2 A—I—) B

ARE LIMITS

- Local limits are not necessqrilg preserved by

composition with loose morphisms.

PiAP2
A——B

q,
— C
3! ‘ er— Not neceSSarilg

“ invertible
a = »C

(P, e‘l) N (PzOq,)

- A double Cajcegonj admits local Llimits if and on|3 if

it admits local products and local equalisers.

“Rel, $po.n., and DDist admit all local limits.

<R,SY
AxB —— {113 <{1T]
\\\ l/\ local product
S o in Rel
) \\-'){.L_)T}



HOMOLOGOUS & TIGHT PARALLEL LIMITS

- A l\omologous Limit is @ limit whose Shape 1S

Ti(T) ——Ti (@)
*An alteration of this shape into ID is preciselg

I ) 3- Ca.'liesories

I ¢ S P t s j—
N
Ti(T)+Ti@) D°< - D1 N Do

IS a span

m CAT

Cod

-Restrictions and local Limits are examples.

* A tight pavallel limit is o limit whose shape is

Hom
Ti(T) —+— Ti(T)
- A double ca’cegorﬂ has 'ligk’c parallel limits if and

I Ca.'l:esora

only if it admits parallel products & parallel equalisers.

- E.q. the parallel product of p:A—>B and q:C+D s

AxC——— BxD AxC—— BxD
T, l Te l"l‘a Te J' Tq, \L Ty

A—+—— R C——D
P 9

T heorem: A double cu’cego\rﬂ admits
homoloeous limits if and Ohllj 1 f

it admits Jcigl'll parallel limits

and restrictions.

Corolland: ID has homologous linits
if and Onlg if Ds and Di have limits

preserved 65 dom,cod: Ds—2 D, and

<dom,cod>=D1—>D,xD° is a fibration.

Corollavat A double category

admits local XX if it admits
parallel XX and restrictions.

XX = products, equalisers, etc.




PARALLEL TABULATORS & MAIN THEOREM

A parallel tabulator is a limit whose shape is A parallel limit is a limit whose shape is
Hom Hom
3 4 T —s

-An alteration with this Shape determines cells in ID
Theorem (Grandis-Paré ,49)

P r. ry 9,
A——B——D A—>C—D A double category admits parallel Limits
“ x “ “ & “ if and on|3 if it admits parallel tabulators
A —D A ——D condd Bttt merellal i,

whose parallel tabulator is a loose morphism Tp = Tq

T heorem: A double ca’cesorg ID admits limits
indexed by loose distributors if and onllj if

between tabulators and a cone given by cells

Tp _'_’Tq‘ Tp _'_)T‘l Tp _'_)T‘l (1) ID admits parallel limits and restrictions
WAl e l“c %J, i J«% “Al e lTrD if and only if
A —;1—) C B _‘:1—3 D A _"'3—) D (2) D admits poarallel tabulators and h0m0|030US

which are suvitably compatible with o and . limits.




SUMMARY & FURTHER WORK

‘Introduced a new framework for limits in double /"\o.mj current and futuve research directions:

categories indexed by loose distributors I-+7T
- Sufficient conditions for completeness of $pan(e),

- Captures many well-kRnown concepts as examples: Rel(€), Mat(ID) , Mod (ID), etc.

x Parallel limits T3T and parallel 4abulators 2 —>2 .

* Interactions between limits indexed by double
* Restrictions Ti(2)—=~Ti(2), companions and conjoints.

p Ca{egorie,s and limits indexed 53 loose distributors.
* local limts L——1 ,inc,uding local products .

*  Homologous limits Ti(c)—“:—"Ti(C). . Rela’cions\nip with bica’cegorical (co)limits.

| heorem: A double category ID admits limits . Cons{ructing (co)completions of double categories.
indexed 55 loose distributors if and onl\J if

(1) D admits parallel limits and restrictions
if and only if

. Ex‘cencling Lambert-Pattersons Cartesian double theories

{:o a general -Framework of doub’e-ca+esoriCal slae%ches.

@) ID admits parallel tabulaters and homologous * Characterising the class of absolufe (co)limits.

limits.

+ Generalisation 1o virtual double ca‘cegor'\e_s.




BONUS SLIDE: LAX BICATEGORICAL COLIMITS

-Each ][\—"]1 determines canonical loose distributors:

1 1 —s—s

-
‘Examgler consider the colimit of {1 23— 1 whose

P P2
diagram is a pairof loose morphisms A,—— X R,
P:
Ao X

s e

ArA,—— X

colim(p)

O.ﬂ.d. 'H'le COIIMlt O‘F 1'_—-;—){1 21 3.|Ven bﬁ

Y ——s A

| e L

Yt Ash,

colim ()

¥ ID has companions and conjoin'fs we obtain cells:

A A—F X Y—C:V;Ai_ift_»,qi

| ol e e [

AARZ2X Y Ash oA,

colim.(p)

“In |Rel, $pan,a.nol IDist these cells are invertible, and
describe the COproduct and product in the
underl\ding bica’tegorg of ID — which coincide!

'Takeauuag: biproducts in Rel are colimits in IRel.

Conjecture: Let ID have companions & conjoints.
A (uni’cqrg colax) functor J admits a lax colimit
¥ and DnllJ f alteration from I—.‘L"’l admts a colimit.




