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MOTIVATION X

Split opfibrations over B Many similarities:
Fonctors B — Cat * Admit Grothendieck constructions
- Right class of AWFS
+Delta lenses capture the + (Co)algebras for a comonad

underlging structure of s.opfs.

How may we cOmPle{e a delta

-Lenses model bidirectional

lens to a sPliJc opfibration?

transformations — often want

these to be “least change”. SOP'F ¢ 1
C

dens




OUTLINE OF THE TALK

. wqrming up : Chosen (initial) objecfs
. Delta lenses & split opfibrations
. Free delta lenses & split opfibrations

. Split opfibrations ave reflective in delta lenses



WARMING UP:

CHOSEN (INITIAL) OBJECTS




ADJOINT TRIANGLE THEOREM
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CATEGORIES WITH A CHOSEN OBJECT T

Let (A,x) denote a category A [ts lett adjoint F, ?reelj adjoing
with a chosen objec{ x €A. an ob:)ec,'t: Fl(A): (A;'l ; *)

(,oproc\UC‘\‘ wijck +erminq\ c,a.'tegowj

Let Cat, be the Ca’cegoruj of (small)

ca’cegovies with a chosen ob;‘e.c.’c. new object

The forae{{ul functor .
U, Cajc* » Cat

is monadic.

F(A



CATEGORIES WITH A CHOSEN INITIAL OBJECT

O 4

Let Cat, be the tull subcategory [ts lett adjoint F, freely adjoins
Ca'l;l" 7 > CCL{* an initial objec,Jc: E(A):(Coll(T)).L)

of ca’cegories with chosen initial object.
new mitial ol:\jeci

The fovge’c{:ul functor

Cah demte Cat

1S monadic.
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collage [cotabulator of terminal profunctor




TURNING A CHOSEN OBJECT INTO AN INITIAL OBJECT [o=

Cat. T Cab
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DELTA LENSES &

SPLIT OPFIBRATIONS




DELTA LENSES 06

A delta lens (fe):A-+B is a Let Lens be the category of
functor equipped with a choice of [ifts delta lenses whose morphisms

A a Pla,u) > B(a,u) a pairs of fuactors

£l A——C

B fa ——— b (f-w)l l (3,¥)
satistying the axioms: B R D
1. f¥P(a,u) = u such that Rf =gh & h'P(a,u) =Y(ha ku)
2. Pla,idfa) = ida
3. Pla,veu) = P(F(a,u),v) o P(a,u)




SPLIT OPFIBRATIONS VIA PROPERTY
A delta lens (f,9):A+B isa split opfibration if each P(a,u) is:

OP carte S\.a.YL
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Let SOpf «— lens denote the full subcateqory of split opfibrations.

weak |3 Op cartesian
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BASIC EXAMPLES o8

- A discrete op‘Fibrqun s a functor Delta lenses but not split opfibrations

with a unic,,ue choice of Lifts.
Failure of Failure of
F.(!)

* Construct F,_(C) E— F,_(l) uniqueness existence

chosen objec’t ~ delta lens

chosen initial object = split opfibration

Cat, > SOpt ! !

[ [ . ) o . ) o

COJ':* ? Lens




DIAGRAMMATIC APPROACH

A delta lens (f.v):A—B determines
a wide Subca{eﬂovS A(f,9) > A whose

movphisms ave the chosen Lifts Plau).

A delta lens is equivalent to a

(,omvvlu'\'a‘tive d.iagram n GO.'{T s.t.

b'ljeci'iia-on-objec{'s
Aeg)= X ———A
discrete 2 "\ /

oP-Fu‘:fahon
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FREE DELTA LENSES &

SPLIT OPFIBRATIONS




DELTA LENSES AS ALGEBRAS FOR A MONAD

T he forge’cful functor
U4 2
i ens ) Cajc

s monadic.

The left adjoint F,: Cat® — Lens
is constructed using:

- discrete category comonad

— comprehensive factorisation system

- pushou’(s

| O




FREE DELTA LENSES [

The free delta lens Ff:E,(6) =B on a functor f:A— B has domain whose:
- objects are paws (aeA,u:fa—b €B)

. morphisms (as,u,) — (a.,u:) ave given by the followincj two sorts:

) a, a,—— > a,

a

-Fai -Faz -Fal - )f(lz

Q, =q, LU-'/:i

U-il ) J’u.z Ve, = U, uilTv luz Vou,:l:]_

bi \V/ K bZ ) b?.

1 u,efwev
The functor Ff sends these to v:b,—b, and u,efwev:b,—b,, respectively.

The chosen Lifts are morphisms of the first sort.



SPLIT OPFIBRATIONS AS ALGEBRAS FOR A MONAD | 2

he forgetful functor A

SOP-F — ’Co.lcg 1, Ju\ f

1S monadic. /; \

The Left adjoint F,:Cat®— SOpf A——B

IS constructed u.s'mg comma cats.

T he -Forge{'fu.l functor i1s also

Comonad[c — See "A comonad

A_f’_) B v A'B —Set fov Grothendieck fibrations', 2024
(a,6) = B(fa,b) Emmenegger, Et al.

or Ca,"..of e|emen“:5 /+abu‘q+or of:




FREE SPLIT OPFIBRATIONS
The free SP“J( opfibration F£:E.6) —B on a functor f:A —B has domain with:

. objec'}.s are paiwrs (aeA, w:fa—b €R)

- morphisms (ai,u,) — (a:,u.) are given by paivs w, v

w

a, y Q,

.F
fo,— fa,

uil Q J/u;

b.—5—b,

|

3

Vo U, :u,_O'Fuu

The underlying functor Ff sends these to v:b,—b,.

The chosen Lifts are morphisms (id, v).




SPLIT OPFIBRATIONS ARE

REFLECTIVE IN DELTA LENSES




MAIN THEOREM | 4

ThW\I SOP{:C—’ Sens has a left o«d:)oin,":.

L

SOpf . L fens

SWPZ

Since U, is monadic & SOpf has

reflexive coeqluo.lisevs, we may

construct L via the a,d:)oin{'

’cviangle theovem .

- The left owljoint adds the properfg

of being a split opfibration to the

structuve of being a delta lens.

- Fixes the codomain/base and +the

set of objects of the domain.

- Have mokaism of Qc:ljunc'l:ion,s=

Cat,— SOP‘F

MO

Cat, — Lens



TURNING A CHOSEN LIFT INTO AN OPCARTESIAN LIFT
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SUMMARY & FURTHER WORK L6

y Restvic{ing '|'o monoids a“ows ws 'lo

Cat
/é/’ 'X\‘ construct the free Schreier sp[i{

¢ epimorphism on a split epi. in /Mon.
Cajtl - 1 \ Cajc*

J J - Developing a nice syntax for L.
L
¢

‘Does T admit a right adijoint?
SOP'F(- n )LQVLS oes J admit a rig adjom

T
u, Us - How may we better understand the
NN AL
\ C J[?. " relationship between structure and
Q

Structure with property?




