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A double categovy consists of 4 kinds of

'H’\i\f\gS:
- objects A,B,C,D, ...
- tight morphisms A— B

. loose movp\nisms A—— C

- cellg A_T_,C

Pl |
B—&—>D

We have both a +ight c,oMPosi'Hov\ (Ve.V'HCa"\\’)

and o loose cownposﬂ-iovx (lnovizon'l-alla).

The latrey way on\j be vaital & associative

vp to stci(-’ical isovvnovpln'tsm (iike a biCafegov@).

E xamples:

» For each cateqory G, let $q(€>
be the double Cai‘caov5 whose cells

ave Comm ntative Squares in C.
h

A > C _
e [ gh=hf
B —D

e Fov eaclh 2- c.ac\'e,ﬁov% K, let Q(K)
be the “double. Ca'l'esovtj 0{3 qufn'l‘e;l's”
with cells given 53 the 2-cells.

A——C
.pl ‘U’o( J/a a(:glf\%kp
3 ——D

eLet Span be the doovble Caﬁﬂovg
of S€+S, 'Func,'l'zonS) and Spans.

A cell is Slvem bta c dfqaramz
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CompoS'lHon of loose MovFlaISMS

IS gruen 53 Pu{lbacv..

VRN
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This extends +o loose cOmPos{Jrfon

of cells via universal Pro‘oexi?.

cLet Prof be +he doouble Ca.‘i'zaov\tf
of Co\\'eﬁovies, {onctors |, and

A——C

P: %A — Set

Pro-@m ctovs.

A cell Is SE\IQV\ btd a natural

Fran Sformation
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Covvtpos{-Hon of loose MOVPMSMS
TS SK\IQV\ bn Coe,/\ds.
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F u:b—ob ia® suclh Haat
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Terminal object (in ID\

A termunal obyeckt is an ab\\ec‘\' T
sochh  that:

(i) for each ob\‘)ec{- A theve exists
a Un‘\q\)e +i3\4{' MOVPW&SM t-A-T.
(i) for each loose movphism P:A+R

)
+here exists a vaigue cell

P
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tJ/ v J{-I:
1T ——T

1d 4
An initial OBSQ.C\' T ic c{e,'Pfl\QDl dch“a

* In $P°"‘; the S?n%le'l'on Set is a
+evrunal o’o‘je.c;['
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. lr\ $Pan‘ 'H/\L Q,MP“':’ Set ES an
iaivH al ob:)ecJt.
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¢ ln Prof, the Ca'l'eﬂo'r&j 1l is a terminal
obye ck.

A——sC C"&A—{,
'-J, X l! vl xSt
:1-_ Ht 1- j_-.oP’(l Hom

O(Q'CZP(C,a) _ {*-j

',V'\ IPV'O'F ) +he ZMP“':j Qﬂ-‘\'eaovtj 1S an

inhal ob\]@.(‘;" .
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Products
Given a poy of ob:)eds A and B,

the v pvoo‘\)cf\‘ IS an object AxB
+03e+\/\e,v with -HS\A'\’ MovP\/\lSMS
TrA:AxE>—>A and Tg:AxB —R
such that:

(i> Fov each Span 0‘(: -";s\n‘\’ mov P hisms
£ X 3
|
SN
A 3‘.:(4".3) B

AN
AxB

theve exists a vnigue tght movphism
(£.4) Such $ust above O\‘\aﬁvo\n/\ tommytes,
(i) Given cells

P
X —> Y X = ¥
PR R
A—— A B —/—5
idg dg

+heve exists a UGIqUQ cell

X —i— Y

<c.»ol (a ) l<e.'=>

AxB —— AxB
1%Axg
SUC,\/\ 'H'\ ot
&\ P) et (>
= - — (L
.IO\-rrA 'A“—&

Tlr\e_ C_OP‘(oo‘\Jc‘\' A+13 Q'CO\ Pa\\r O'P
0552,0“'5 is defined dua\la_.

- ln Lpan, the procluc-l' [5S J\)S‘t‘ the
vsual p\roduo’r of gefs. Giyen cells

Ce—X—D CeX—D
o S A A
A—A=—A B=—8=—F5

Hreve exists a lm'\q\)e, Ce,l\



C——X—>D

(,c,tol l« ) l(a.k)

Ax — AB —= A5

e ln $pan) Hhe Coprnd\)d' 1S ‘}\)S\' the

usval coproduck of sets. Given cells,

A=A=A B

I CR

B=5B

A
Ce—X—D C—X—D
theve exists a unique cell

A+B A A+

e ln ’Pfo-p, +he Pv'oaluo“' 18 ‘H‘IQ USUG.‘
pvoo‘ vet of Cw{‘Qﬁov.\eS.

Given cells

D
C%A T
9"3\\/ |2 ge,+

A x A —Tiom

XKa,c* P(e )d) — A ('fc.,3¢a)

C %A —{,
k| R Set
Bfx13 —n
)ga‘c".PCC,a) — B(l’\C,ka)

theve Lxists a valgue cell
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(ﬁWx(mk)L N Set

(AxBY % (AKG) _—ﬁn

<0<q‘¢ ,(5“‘,): Plc,a) —> A(-Fc,sq\xg(hc,ka)



-l [Prof, the coproduct is Hie usval
C_op\roo[uc,{' of Ca‘\‘QﬂOVIQS. Given cells

Hom

A A TN
Fxsl/ Y= Sedt
D°’xB“’{

Ko ot A@d) — @ (Fa,94)

Hom
CCT

hxk l/ \U/ > ge,+
D*AB g

ﬂc.c"- C(C'c‘) — ( L\Q)kC‘)

theve exists 4 un'\c,uz cell

NYA +CxA+ = (A‘fCYg@\ +C) —{,M
AL +C°%e [',F'LAx[g ,k] \\/ \u/ 3 gefl'
D*xR —

wheve :
) '—")Q('Fq) kC) X=a y=¢
Y _ @ —Q(hc,9a) x:=c y=a
XY o(q'a' x=a \jza,
Bc.,c' X=c ﬁ-‘-’c'

Equl 1SevYS

Given a PGNG“&‘ poi\r of ‘Hs\n-\-
moyphisms f,g: AT R, theiv
eqUaliSeX IS an ob:)ec-\- E omo‘

a Cone of ‘Hg‘/\‘\‘ Movp)ﬂiSMS

E
'Q/ \':e=3€.
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such Haat

(i) Fov eachh cona
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Hieve exists a unique Ha\n’( MovPhISM
K> E Suc\/\ -\’\/\N\' Hae d(aﬁ\mm Commﬁ'eS,
() Fov each cell & suchh Haat

X—r Y X— Y
X
x\ll L Y J, < 9
1d - 1da
% :.\; oF SJ, idg lﬁ
ee et
l* Qg

theve exists a valgue cell

X——Y
el ¥ s sucl,  Hlaat —,é— =
E——E 1%e

1dg

T‘/\Q, Loequwlisex S deﬁned dua"U

has ol (Cxﬁequai;u rs .,

o SPc\ﬁ

+ Prof  has all (CO)eq\m(fCQrS

Tabulators
Given o loose Wnovp\AESM P:A—+ B)
i+s  dabulator

IS oawn ob:)e.c,-\- TP

'l'oge,HAQv pith a cell

SVCL\ 'H/\o:\" !

(i) Fov each cell

X —RX X

£, < o
A—;%B

theve exists a unique -H@ln‘!- Movp\n'\SM



t: X —> TP soucl, Hhot
ld-k = &£,
Tp
('l.l\ C('(\IQ/\ (‘.LI.[S X, 1'7, \6/,5 Sucls -Hr\o..{'
idx ] Q io‘\r
X »X ——Y ' —>
Lo« oy | —-—Flé Lkrbih
A—|qf5—|a&, N '
P dg \dA P

Heve exists a un'(o,ve_ cell

X— s\
e\l & \Lez
TP—+— TP
1drp
SUC\’\ 'H/\a.‘\'
6 = 5 —§'~ = lde‘ =« gi’:,-_—
idr, idm, Tp To

o l/\ Sfaq -qu_ -l-abula.'\'oY fs 3]\/2/\ 63)

the cell:

X X X
A l\ e

Tke Co'\'abu\oc\‘or s 8iv¢n ba, 'Hae c.c”:
{.
A ¢ X—25R

A A &
A+B A+B A+8B
N~ poshost of £8 4.

‘ In fpro‘(:', the “dabulator of
P:R®x A— St i< c,a‘l’e‘o’;ovué_
TP hose:

of e,lQ_N\?./\'\‘ S

—olvje.d'S ave e,\emen'(‘S p:b-°->0\ .ln

ZP(‘H"‘).

beR,aEA

- Movplnisms arec g{VQVl b(a,



I’_Lo‘ suchh thot
B(.v) éwl J/v € A (aa') POV=u®p'
b'—e— o'
ot
Civen o cell jn Prof
Hom
X——X X 5)(():,;:')q P(ax, £x')
P
/\—'HP B

theve is o vm que fonctor.

X— TP

x —— L (idy) Lg%~ fx

« la /PN'F, fhe Co+abu|a.‘\'ov
P: B*"x A— St jg c,ai’eaovuﬁ

Coll (P) 1obrote

- set of o‘o\]qdrs (s 05‘3(43-«05\')(@)
- homget

A[x,tj) £ ;c,jéA

CM(PY(x\9)= ) Blx.y) iF x,g4€B
P(x.y) 1€ x€B
y €4

96 o therwnte

= CoMPoS\'Hen is defevmined éca,
CoMfOS‘tHOr\ (o A, 5, andk achons

-4 P.

Civen o cell in Prof
fl « |% R (OB CIRZY
K= X
1d
Here 1S & Un‘(clut -Rmo{*of
Co\l(?> — X
p b a — ‘xb.a(P)



Geneval +heovy of limits
A lax double Fur\c'\'ov F: Cﬁ’b 1S

given by an assignment

A——C FA —4—FC
+l x lg Ffl F o ng
B TD FB _Fé._)FD

that preserves +he +]3\'l+ divection
s’rv'\c,-\—lﬂ, ond Hire leose divechon
vp to e_ompavisw\ cells -

1dEa Ff Fg
FA——FA FA——Ffo——FC
I R
A £(id,) A A F(£ea) "FC

A digWwt transformotion betiween
lax double, -F\)AC,*'OYS & F—)C\:C—blb

Consits of:

(i)Y Fov eaclh o'o:)dc{' A E (,) A
-HS\A\- Movlolnigm o(A,‘ FA—> GA

() Fov each loote Movf)lnifM P AP0
;f\ c] A Ce,ll

FA —+— FB

xAJ/ Lp lo(e

GA —+—CGB
GP

whiclh  1s natoral, and coherent
withh  looge identilies & (,om‘oos{-l{om.

A DSQuOlO loose 'l'V'O\r\S‘g\/N\O&.‘\'\‘Of\

bQ,'\‘bJ’LU/\ lax dovble -R»Ilc,{'ovs
o FoCG: CoD

consists of

() Fov emch doject A€C, a logse
MOVP\'\.\SM O’A cFA —— CA



(iV) For ecach 'HS\A-\' vvn.ovlo\r\is/vn ‘F:AHG

a cell oa
FA——— GA

A

F@—HC\@
¢

(i) Fov loose V\AOVP\'\'\SN\, P.A 6

in €, an .|5oce_u
FA—r—FB—%2 (8
|| .

which IS notuvel O\V\al .S’O»‘HS}QQ'S

4 cownerence  |laws.

PSQ,UJ o loose

traas.

A wmodificoron
o e

haos NTO% 0 |8

O, for each

l’\as CoMpann'\‘S‘
objed— A e C

Oa
FA—— GA

°<A \II GA \l,
FA ——CdA
Ta

Cohevent f/l bO'H/\
[oo;e. O'\.‘\('G_C’/\')\‘O/IS~

which s
']':3\/\*' ond

We lhave & double cetregov

Lx (€, D) of [ax double
fonctovs | HegWt transfovamahons,
pseudo leose HaaSformahions,
and Mmodificatons —Fw each
poC\r c‘){D double C&"'ﬁﬁ’OVIQS C and D,

£ & \S Ur\.\&'a.v%, we ]/\A\/Q o\

d.iaao/\o«\ A : ID —llLx C¢|'D)



whichh gends ecachy 0(9:)@0\'

Yo the constant dovble fonctov
ot Hiat o‘o:\Q.C'\'. A double cai'e_gov:] ha§ all
imits if and oaly if i+ has
produ cts, QqUa\:S—QFS, o nd

__
flheovean :

The dOuble CCx'l‘La,ovS 010' CoaeS

ouer o lax doble funckor | Lo ey
F: € D 1Is 3wen 193, the T colax
Compan doouble catego Pro l’/-_L\
7°F /ﬂ SFM - fProél
Cone(Fy—— AL Duse - 'ﬁ/lo\x
J/ 7 lr= presove, all [ty oad
D A > Lx @:)'b) Copmo!m?(% /coeﬁu«a/tws
The Lt of +he dovble frnctor Retecences
F: € =D is a +erminal object Crandis & Pare (1992). Limits
in Qone(Cr), in doyble Ca\-aﬁov'\es-

Crandis (201a). HI%\/\Q\/
Dimensional Ca’co_aovlas,




The limit of & double fuactor
ILID IS oawn ob‘)ev\' |§mp

vt Pfodc_ chons
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(1) fov ary dovble cone
x 2% sy NI IRVEL.A
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idx Q Q la‘f
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P 1dg d b
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