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MOTIVATION & OVERVIEW

a.lge.bro.ic weak factorisation systems

GENERALISE

or{hoﬂonal factorisation systems

IDEA: Replace property with structure
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left map l /cl.i-F{- l right map
) f > e
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cofree left h free right map

delta lenses

GENERALISE
split opfibrations

IDEA: Drop requirement of opcartesianess

2011: Delta lenses introduced in comp. sci.
2013: Characterised as o.lgebro.s for a semi-monad

TODAY:
left class | right class

split coreflection | split opfibration

twisted coreflection | deltq lens




DELTA LENSES

A delta lens is a functor equipped with

a l.i{:’ting operation

Pi,u) _ Q&

[ 4

A
fl
B fa ——b

that satisfies the following axioms:
(L1) fPlau) =u

(L2) V¥(,i;) =1,

(L3)  Ya,vew) = Pla,v)oP(a,u)

A split opfibration is a delta lens such that:

(L4) Each ‘Plau) is opcartesian.

Let ILens dencte the double category of
categories, functors, & delta lenses.

A cell with boundo.rg

A——C
({,tp)l l(g,w)
B——D

exists if Rf=gh and h'f(a,u)="Y(ha,ku).

$0pf ——lLens — $q/(Cat)




DOUBLE-CATEGORICAL LIFTING OPERATIONS

L—— $4(€) ——R

A (L,IR)- li'Hinca operation is a ‘Familtj

UA—=—V/C
i | By
UB ———VD

which satisfies certain horizontal and

vertical compatibilities.
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+ dual compatibilities on right



THE DOUBLE CATEGORY IRLP(T)

]'L) $¢1(C) - cells (f,¢)—(9,¥) are given bg'

> e o—)o

Define a double category IRLP(T) whose: uii V\ J:{-' l u“l / 19
° ¥ Y o

S O

- objects & hor. morphisms are from C

- vertical movphisms are pairs (f,%) where

-Dually, we can define [LLP(T).

S i hism in C
UA C 'S @ movpTisnt It + Given a (IL,R)-lifting operation we

RIS :
. l / l_F Pisa (J]','F)'liﬂmg obtain canonical double functors:

uBT’ D operation
L——ILLP(R)  R——RLP(L)



COFIBRANT GENERATION BY A SMALL DOUBLE CATEGORY

Let Ji.n be the double cateqgory whose: 1 4
- objects are the posets 1,2 ,and 3 ldi
- horizontal morphisms are monotone maps d,
+ vertical morphisms are generated by , Id,_
1 [- 2 |-— - 2——3
d | |
2 [e— - 3 le—>e—. Lens = |RLP(\]l-Iens)
- cells o.rz generated by VA delta Lens —
l — _2_, l l dl ‘F(au/' J'.F functor +
d l ldz ds l l id §erad B lifting operation
2—3 2 1



ALGEBRAIC WEAK FACTORISATION SYSTEMS

An algebraic weak factorisation system T heorem (Bourke-Garner): I C is

on C is an (IL,IR)-lifting operation P on | locally presentable & J—34(C) is

u v, a small double category, then there
é b
"_ $q'(c) lR exists an A.W.F.S. on C with cospan:
such that the following axioms hold: ILLP(RLP(T)) — $q(€) «— RLP(T)

(i) the induced double functors are iso

lL——ILLP(R) R——RLP(LL)

Corollary: T here exists an A.W.ES.

on Cat whose rl'ght class is ILens.

(ii) h fin C admits a factorisati
each fin C admits o factorisation What is the left class ILLP(lLens) ?

. Uig o Vih |
117 delta lens
which is Ui~ couniversal and Vi-universal. l /Il

B——D



TWISTED COREFLECTIONS

A twisted coreflection is a split coreflection = Let TwCoref denote the double category of

categories, functors, & twisted coreflections.

Acs f=1
q,/., g\. qf =14 BTE A cell with boundary

=1
B 1s B e q A
such that if q(u:x—y)F 1, there exists a A—C
unique morphism ﬁ:x—)-Fq'x; such that: ('F"Q,,E)l J'(S"P,'S)

B——D

exists if Rf=gh, hq=pk,and ke=7-k.

(i) ﬁoexziqu (1i) gyefqu-u=u

fe=—=Aay  fgx—"ay
exl 155 e,l Aan i lga TwCoref—— $Coret — Sq(ea{)

X—Y X—4




LIFTING TWISTED COREFLECTIONS AGAINST DELTA LENSES

qx — gy hgx —— g —*—hqy
¥(hgx, ke,) T"P(Jx 1)) l“"(hw ke,)
Jx T JY
A——C
(F10.0) | / l(e +)
B——D
glhgx)  9lhqy)
- || ||
qu _— TCQ,'J R 'qu k.'Fq,lj

£xl?3!a leﬂ hexlTha lkga

X — Rx Ry



DIAGRAMMATIC CHARACTERISATIONS

TWISTED COREFLECTION (fH4q,¢)

discrete idenfit:;on-objects
ca’cegorg AN .
A——A
..F
nitial ~ J - ‘
func‘lor X > B

wheve the category X has:

+ same objects as B;

- morphisms u:x—y in B such that qu=1.

DELTA LENS (a.v)

iden’ci’cg-on-objec’cs

™y

Y » C

discrete \ 19
opfibration J

D

where the category Y has:

- same objects as C;

- morphisms are the chosen lifts P(a,u).



LIFTING TWISTED COREFLECTIONS AGAINST DELTA LENSES IL

-—
- =

. Construct uniclue E:AOQY by the

vniversal proper{:B of discrete ca.{'egories

and ialen.fi{g -on —ob\jec":s functors.

. Construct unigue {:X—>Y by the

vniversal property of the comprehenswe

factorisation system on Cat.

. Construct unique J: B—C by the

universal property of the pushout.



FACTORISATION

discrete identity-on-cbjects -For a functor f:A—B
category 1Af — the cofree twisted coreflection
A > A is Lf:A—Ef
initial —the free delta lens is Rf:Ef—B
'Func'|:or o j/ |— J/L-F
Jf >Ef I * There is a comonad L and a
Licerete J :Q{: monad R on Cat’ whose (co)algebras
opfibration : are twisted coreflections and delta lenses.

B B | - ([oo.‘g 2= wCoref
where J=> fa/g R'/A‘ﬂ = lLens




SUMMARY & FUTURE WORK

T heorem: T here is an A.W.FES. on Cat
TwCoref — $ql(Ca+) —|Lens

of twisted coreflections & delta lenses.

¢ ————m
twisted l V delta
coreflection lens
¢ — 3 &

(i)  TMwCoref == ILLP(ILens) == L‘(Loalg
lLens = IRLP(Mw Coref) = RLP(J..,.) = R-Mla

(ii) . Ui

\/‘

cofree twisted free
coreflection delta lens

« Can we generalise lifting operations

65 replo.cing $CL(C) with some ID?

- What is the relationship with

(co)retlective factorisation sysfems?

SA—2— A
|

SB—— - |f

S

(S,€) idempo‘len’t comonad

/| - —TA
R A
B——TB

(T,”l) idempojten't monad



