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WHAT IS A LENS? 0 1

- Lenses are an abstraction of

product projections (in Set [Cat)
RxA (b =20 (bra)

B b

"a lens focuses on a view of a S\Js‘cem"
wli-r—ling

. Has forwavrds|backwards components

w s b’

» Model bidirectional transformations

- Lenses are an abstraction of

coproducts (add together systems).

RxA=~> A — B

beR
! |'|Hing is reindexing"

* How do we adapt this to delta lenses?
— Index by a category ...
— ... a collection of objects (sets?)
— Reindex along what kind of morphism?

— How strict is reindexing?



GROTHENDIECK CONSTRUCTION (S) 0 2

Fibred vs. indexed _perSpec’cives: Ma.ng variations of interest in ACT:
« Monoidal Grothendieck Construction —
Moeller & Vasilakopoulou

DOP-F = [B Se{] * Double categories of Open

DHH.G.MiCGL[ S\JS":QMS - MHQFS

Discrete opfibrations

Split opfibrations
SDp]c = [B Cajc]

Functors - Patterson

Cot/B =|Lo(B) § Pﬂﬂ]l - Double fibrations - Cruttwell, Lambert,
e Pronk , & Szyld

- Structured and decorated cospans

trom the viewpoint of double category theory




MAIN RESULT: Grothendieck construction for delta lenses

OVERVIEW OF THE TALK

Lens (B) = [u_o(B), $MUH']

lax

@ Examples & Condudmg remarks

O3




"Delta lenses are equivalent to certain commutative diagrams in Cod”




DELTA LENSES 0 4

A delta lens (%) is a functor f:A—B
equipped with a litting operation ¢

/A\ P (a,u) >y o

fl

B fa SR b
that satisfies three axioms:
1. fP(a,u) = u

2. LF(Q')]--F,; — 10.
3, Pla,ven) = Pl v) e P (a,u)

For a ca.Jcegowj B, let Lens(B) be
the ca’cegorg whose:
- objects ave delta lenses into B;

. morphisms are functors
h ; C
(9,%)

A
mB/

such that 3h=f and Y(hau=h¥P(,u).

"functors which preserve chosen Lifts”




BASIC EXAMPLES 05

- State-based lenses are delta ° B]jec{ive-on-objects functors with a

lenses between codiscrete ca’cegories. chosen section.

f:A—B p:AxB—A

‘Each functor induces a free delta

lens via a monadic adjunction:

 Discrete op{ibro.i’ions are delta

¢
lenses such that Y(a,fw)= w. Lens (B) 1 \ Ca";/B
. Splijc op{ibro.{'ions are delta - Each retrofunctor (ie. cofunctor)
lenses such that the chosen Lifts induces a cofree delta lens:

“F(a,u) are opca.r{'esia.n.. Lens (B) ( T . Cajc#(B)




RUNNING EXAMPLE 06

w-
g Ry
W3
a, ' a,
W,
/ \ J,w6
BN a, ek a.
S~—_Ws /
L Wq J

Le reclu.ire. that:

Wy = We *Wz W= Wyt W, Wy=Ws W,

Functor :A—B with
fa,=b, fa,=fa,=b, fa,=fas=b,

Lifting operation ¥ with:
LP(o.,,u_\:l.u, LF(o.z,V)'—’UU;

P(asv) =ws  P(a,veu)=w,



DIAGRAMMATIC DELTA LENSES 07

A diagramma{ic delta lens is a

commu{a’cive diaavam in ea,'t
X ——A
w\\ ﬁ
B

such that Pis bijective-on-objects

and ¥ is a discrete opwcibrajcion.

These are objec’cs in Dia Lens(R).

_ unique
X h (l/) Y Morphisms in
\P‘I, \I,’\V Dia Lens(B)

are pairs* (h h)

suck 'H‘l.a.{' 'H'l.@.

A——C
RBA

dia.gmm commutes

P ens(B) = Diadens(B)

IDEA: Each delta lens (F9):A—B admits a
wide subca{egorg of chosen lifts A({-',\P)’_’A.




RUNNING EXAMPLE Z

a’i a's -~ ? a'5 lf a
identity L T— s
on ob&ads
AN
A
discrete b - N b v 3 b
oP'Filwod-'\on 1 _ 2 2 3

Vel



v
N
|
\H_,_,
U=
/e

“Delta lenses ave equivalent to certain transformotions

between certain lax double functors into ‘Bpa.n“




DOUBLE CATEGORIES 0 9

A double ca’cegorj ID consists of: SrDPOJL -sets, functions, spans
— objects ABC,D,.. A<LX L’C
- tight morphisms « — « £ 1 ls
— loose morphisms o« — B . T: D
—cells h For each cateqgory C, we have $4(€)
A | ? C whose cells are commu’cing squares in C.
oo s A—>C A-sc
B——D £l ls | |
3 | B— D A—C 3
that compose horizon’fa“g & Venllco.lly.
Lo(C) -restrict $¢(€) to identity Jcigh’c mor.



LAX DOUBLE FUNCTORS & TIGHT T RANSFORMATIONS [1o0

A l.Q.X dOU.I)lQ 'FU.YIC{OY F/A_)IB 1S given [)l:]

u . Fu \
A—— A FA —— FA
fFl o« 8 ™ Fe| Fx  |F#
B —— B FB ——FB'
v Fv

preserving ’cigh{ direction s’cric{lg &

loose direction up to specified comparison cells:

idea u v
FA—— FA FA—F|—)FA'—F|—>FA"
" l'lA ” " f“'u.v "
FA——FA  FA————FA"

F(id,) F(us-v)

=

A Jcigh’c transformation /Ai—b?B 1S
) FA —4>FA
A— A ~u Wl Tu | T
C.A—C:u—vC‘A'

Sa'liis;ging na.’cura.lijtg & coherence conditions.
Globular if Ta is identity for each object A.

of lax

Obtain a ca’cegonj LA 1B]
double functors and tight transformations.

lax



TWO FUNDAMENTAL RESULTS 11

DDp‘F(B) == [".o(B),ﬂ;q(Se‘c)]
Ca{/B = [“.0(8),$pan]

Th,U.S QO.Ch. globu,la.r {ra.nsforma’cion

Lo(B

Ve ﬁ,\F

? $P0.Yl

lax

Bq (Set)

inclusion

IS eq'u.ivo.len’c to a clio.gramma’tnc delta lens!

GlobCone (B, $4(Set)=$pan) has morphisms -

o) = LolB)
/ \. \
&(Se{) —’$pan Sq'(Se’c) —> Span

we obfa.m an eq,unvo,lence:

DiaLens (B) =
CI IOB COVIQ(B, $q(Se{) _’$Pqn)




RUNNING EXAMPLE 3.1 12

discrete opfibration £: X —8 double functor lLo(B) — $q(Set)

4 R a, a,

W3 Uy Vi

/' a, *a,
wl _) _)
a, a a.




functor f:A—B

RUNNING EXAMPLE 3.2

-

double functor Lo (@)H$pan

CI~
/
O-E) a

I I
b, ——b, — b,

~—_ A

Ve




"D?.Ha lenses ave eq,uivu.leni to lax doub[e 'FunC'I:oYS in‘to SMUH'”




SPLIT MULTI-VALUED FUNCTIONS

A split multi-valved function is a span

whose source leg has a chosen section.

a |Z°- 0:\\,)b
|/_)

[ b'

" -
- o
-
-
-

Le{ GJ;MUH' be ‘H’!e double ca{eﬂoruj o'F se'l's,

'Fu.ncjtions, and split multi-valved functions.

1 4

UNIVERSAL PROPERTY
9|obu|o.r
+ransformation

A
¢ J!
AN S (/S m"”\\
{ ~
&(Se’c) ispan %(Se’t) ispan

Componen‘lt of globulo.r transformation:

A=—A—
| L
A «——X

B
H
B

f



MAIN THEOREM 15

For each cateqory B, there are GROTHENDIECK CONSTRUCTION:

equivalences of categories: Lax double fynctor “.o(B)L’yv\uH

where each u:b—b' sent to:

fens (B) Fb) Z ~ Flul—=—F (')

DiaLenS (B) Obtoin del’cq lens J‘Fé B with:
G IOE CO“Q(B, $cl(Sejc) _)$P0'n) * (bQB, X EF(b ) "'—ObJQd'S rV}orphlsms

e (u:bob', we F[u]) : (b,su(w\) — (b',{:u(w))
= [”.0(8),33”(1“']

+ (beB, x €F(bY, u:bb') N chosen lifts
(u: bb', lPu(x)) : (b,x) — (b’,{u‘Pu(X))

R

R

lax




RUNNING EXAMPLE 4

A / \l

a,

— qu

16




B 'Fa "b

"Delta lenses can be studied via the double category EMult”




EXAMPLES & MONOIDAL PRODUCTS 17

Restrict F:llo(B)—/ $Mult to study

different classes of delta lenses:

discrete opfibration

20 F(b) *F(b)
‘Full\J Farthfol

F(b)— F(b)xF(b) —F(b’)

bijective-on-objects

1 T—Fly] > 1

discrete fibration™

F(b)——F(b’) F(b’)

retrofunctors

Lo(B) »$q (Set)

c.odiscril'te\ J/ a\obulavu l
Lo(8.) —— $pan

Use monoidal products on Cat and
SMult o induce those on Lens(B):

Lo(B)—=>SMultxSMult “—SMu ¢
".o(B*C)m)SSMUH"S;MUH ——FMult



SPLIT OPFIBRATIONS AS LAX DOUBLE FUNCTORS

Classical Grothendieck construction:

SOP'F = [B Ca{] P (a) € F(u] al'z
But this is full subcategory of Lens(B)! “: J,al
Q, )20.3_.-':
What is the image? VweéF[w]
Sp[i{: opfibrafion ~ F:|Lo(B)—8Mult
such that the function é N " , b

F (b) xeoy F [1y) 222 Ful ¢y F (2]~ Flu]

Is invertible for each w:b—b' in B.

18

F[1y]



SUMMARY & FUTURE WORK

+ Introduced split multi-valved functions

A—— X —B

r

- Showed that o delta lens over B is

eclluiva\enf to an indexed collection

of sets, with lax reindexing along

split multi-valued functions.

Lens(B) = [ o(B),$MuH]

Lax

19

- Chavacterisation as oplax colimit?
‘Link with {gpe theory /disPIa\jeol cats. ?

- Explicit description of left Kan lift

describing free delta lens?

SMult

-2 l
,/
PR ||

U_o(B) ’$Pan

+ What about F:IB — SMult 7



BONUS: FURTHER IDEAS 2 0

LLens is a dovble Ca{'egwﬂ' - What 1s the sense in which SMult is
cod bifibratio limit in t —ony. }
LQHS Y CCL": «= bifibration a limit in the Dbl-enriched ca egory

of double ca’(egories and lax double functors ?

cod™'{B3 = Lens(B)= [Lo(B), SMult]
y ‘S $MUH a K'eisli doub[e co.{'egorg?

* Can we easily enumerate finite examples of

delta lenses? + Link with double opfibrations &

internal lenses in Cat?

+ Are split multi-valved functions a kind of
decorated span? ‘Link with A.W.F.S.7




