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Let .Polg := Fam (Set°?) be the category
whose:
- objects ave polynomials/containers
discrete — . P,
CG:QSQOY: I Se%

« morphisms are natuval transformations

I P
¢ msef

v/&‘

J

e. function P: T —7 and a fuonetion

®¥ B (vi) — P(i) for each €T .

There is a monoidal structure (Poly, 4, x)
where (P:T—Set)a (Q:T—Set) is

> [P0, T]— Set

el

(i a:P)=T) — L Qlax)

xeP(i)

with unit the polynomial *:§x§—> Set
that selects the singleton set.

For a monoidal category (V,®,1) with
reflexive coequalisers that are preserved
by AB(-) and (H)®A for each A€V, we
may construct a double category

Comod (V,®,I) whose:

- objects are comonoids

- tight movphisms are comonoid homomorphisms

* loose morphisms are comadules

GOAL: Construct Comod (Poly,q,*).



Prop (Ahman- Uustalu, 2016): Comonoids in

(Poly ,4,%) are preciselg small categories.

Given a category A with set of objects Ao,

its u.n,d.evrl,ﬂin.g polgnomial IS

A2 et
a EA\A(G»X) := A[a]

together with counit and comultiplication maps:

Prop (Ibid.): Comonoid homomorphisms in

(Polg .<\,*) are preciselg retrofunctors (cofunc‘tors).

A Al-)
L"l o SeJc
,Bo_{é]

i.,e. a function Y: Ae—B, and a function
"P: . B[‘-Pa] — A[O«J for each a.éAo.

ZTB(\Pa,b)LP—;*) S Alax)

beB, XEA,
B(ea,b)—=> Y Ala,x)
XEK, x€ ' b}

Respects the identities and composition in B.

Prop: A retrofunctor A—>B is equivalent to a

gpan of functors:

Ae—m o ——

dentity-on- discvete
objects opfibration

u\m
i/

Induced by the
(vevtical, cartesian)

0.FS. on Polg.




Let A and B be categories and P:T— Set

a polgnomial.

(B[-]:8o—Set)a (P:IT— Set)
> [B[6),I]— Set

beBo

> P(otu)

u eB[¢)

(b,x:B]~T) —

(P:T— Set)a (A[]: A, — Set)
2_[PO),A]— Set

1el,

(1, a:PE)-A) — 2_ Alxx]

xeP(i)

A right A-comodule structure on P:T—Set
amounts to the data:

- Fov each €T, a function f;:PG)— A,

- For each x€P(i), a function .A[-ch]‘P—x7 P(i)

A left B-comodule structure on P:T —Set
amounts to the data:

- function arI,—’Bo

- For each i€, a function T;:Bsi] — T,

- For each ue Bloi], a function Plra)— PG

A comodvle P: A—+—B IS a c°mpa+i[>le,
right A- comodule and left B-comodule

structure on P:T,— Set.

Lemmoa: A Lleft B-comodule structure on
P:I,—Set induces a ca’ceaorg I with set

of objects T,, and a discrete opfibration
g: L —™ B.

A movphism in L(i,)) is a maorphism
u:gt —b in B such that T;(u)=j.



Let P(i,a):= f{‘{a-.s wheve f;:PG)— A,
comes from a right A-comodule P:T—Set.

Lemma: A comodule P: A—— B induces a
P:T%x A —> Set, (i,a) —PGia).

functov

For w:i—] n L, arising from u:qi—b
in B we obtain .
i Au
P(tw) — P(:)

. \ /F 2 — commul-cs

compahl: ility

This induces a function Fs(j,a)—>-l5(i,a)
for each a€A and u:i—j in I,

Fov via—=a'in A, we ob’cain

£%3 = (i a) — P(i,a) = £5a}
Compahbnlu{'g of A and p by comodule axioms
makes P:I%x A— Set well-defined.

Prop (Gavneyr . 2019): A comodule .A—PHB of

comonoids in (-Polg,ﬂ,*) IS ecLu{vq\en{- to

a span:

A e T » B

profonctor

1

discrete
opfibvation

By previous work of Webevr, this is the same
as a pavametric right adjoint
[A,Set] — [8,Set].

MoTivaTivg QuesTioNs:

1. How do we compose “comodules as spans"?

2. What do cells in the double category ‘Lomod(folg)
losk like?

3. What ave the companion and conjoint of
o retrofunctor?

4. Profunctors A+ B are fonctors A%B— Set;

does a similiar vesult hold for comodules?



The C.o.‘tegonj o‘F polx‘jnomla‘s admi'l:s a

canonical functov:

Poly —— Set

(P-T=Set) — T

Theorem: A commutative squave

A%B — Pollj
T»I/ such that
B £ Wd:UP= Frr

S equ]va(zn‘l' to a comodule A+ B In (POlfjﬁ‘o*)'

PRooF: Fov each bGB, we have o set F(b).
For each a€A , X € F(b), we have o set P(x,a),

Fov each V:a.)—)a. we '/LQ\IQ

P(-)a)
—

F(b) wit Set

\_/
P(‘n“')

v, : P(x,a') =P (x,a)

For eaclh u: b—b' we have

1(5)\13('-,0-5

ug: F(b) — F(b")

u* : P(u,x,a)— P(x,a)

wf Set

F(b’) /I’(l,a)

Commutativity requires +that

P(-,
Ta%
F(b)) /P(-‘-,a‘)

w Set —

1(5)\]3('- ,0.)
F(b)) ﬁ(-.ﬂ



Altogether, we obtain a span For via'sa and u:b—b' we have

pa | LN -1
‘A' ) ' IF B 9 {b} Q(-,a) wheve
Il\ Since 9 \ .
profunctovr discrete i,s a 2 W Q(a'v)’n‘ Se‘!: U -3 = UxX
opfibration i?é;:—:ﬁon / is the opcartesian
wheve ﬁ: is the Cod'egov5 of elements 9-15% Gl(—,a‘) Lift of (x,u).

of F:B—Set. This is a comodule in
(polg,Q,*) bk_,j Garner's result.

This completes the PrOO'P.

. We have a nice Pavalle‘ between concep'fS'.
Conversely, given a span

module of monads R functor
Q q in Bpan (Set) A°Px B — Set
If comodule of comonords A fonctor
profunctor discrete in (Poly, 4,%) AP=B — PO(U

opfibration
we define

Aopx B - .PO[H

(a,b) +— g '{ey— Set

Evevy functor f: A— B induces a companion

and con)oint profua ctor given by:

AP B — Set B°P«A —> Set

x +— Q(x,a)
(@, b) — B(fa,b) (b,a) ¥ B(b,fa)




Given o re,'\'\/ofund'ov \p :.,A — 8 we have:

Aon ’B E— \Poll_.j

(\.\Ov\'

Low®” (a,b) > P53 — Set

X '%\A_(X,O.)
o [ BRA——RL
co

(b,a) +—— §x3 —> Set
X Z.A(q,x)

x&e-'ée3

(e,F)

Supposz we kcule Qa Comoclule. -A.—l—"B and
retvofunctors $: A—C and ¥:B—D.

Then we may construct a comodule C— D

. * v,
given b,ﬂ.. eoprLP a(pF)e *\Polg

(c,d) — D F(b) — 8et
.6 bew-'¢d}
A——3B (b,x) —> Z_ P(x,a)
¢ | lw “eetd

Using this construction, a cell in
C omod (Polg,Q,*) devnoted

(p.F)
\Pl o l«v
C—l—)
(@.6)

corresponds to a natuval transformation

"P*4 (P; F)4 Wy

46 :Polg

(@.¢)

E"xD

w\nose compo/\evd' at (C,d) I.S 9iuam bldt
For eack be Y~}

F(b) b egz‘g (b) \
e.,J ~ el &l Set

G (b G(d)

0% + A(@x,c) — 2 P(x,a)
a€ ¢



We write Cat™:= Comod (Poly,q,+).
ExAMPLES:

Restricting +o the ferminal category
(Poly,a,#) = Cat™

. Reshicﬁng to discrete cad‘egortéS we

obtain multivaviable pol\J nomials

Ae—X—Y—8
T

i)
-
C—W—2Z2—D

A comodule 1——8 s a functor

G —7.Po|3 which 1s ec’ui\lo.levrl' +o :

X —Y —

7 7

disevete disevete
£ibvotion oP‘F\'bVo.Hon

This IS a ule-ﬂ- 'B-'Covv\odule".

o A comodule A—11 (s a clfouaraM

which 1s the same as a fuactor

A— [X,Se{]

which 1s e,qui\/a‘evd' to a Span

A

disevete
op £ibvotion

This is a “right A-comodule”.

» disc (X)

. Evewj Panunc.{'ov A+ B 5ie\c’s o comodule

B——A n «Polg.

* Let [Ret be the double category of

categories, functors , and vetvofunctors.
CoNTECTURE: [Ret — Ca*# 1S -Fu”t.] Fm'H'l)‘,v’
(depending on choice of cells in Ret).



COMPOSITION OF ComoDULES:
IF We CoAnSidev comodules Wa (Po(:j ,4,*) oS

Cevtain spans, how do we Compose them?
’\ 73 o

/ dcs(-mbu‘hu

Pu(lba.c((

/\/\(z

P-TA— G4

Q: VB — gd—
f, g - discrete op fibrations

Define K +o be Hhe categovy whose:

o objects are pours (jéJ,o(:Gl(j,—)-‘%f"Z:ﬁ)
wheve £7'3-1: B =St s wdl-defiaed siace
£ is &« disevete QPP()VOC\‘:OV\.

. MovPlAIS'mS ('j,o() — (J'),"(‘) ave

W \)-aJ
Proje chion in the frst COMPOAQA'l' gtves
a discrete opFa’bvaHm -’F\'-K—) R

We Q(S"o W\O\j construct o 'CunC'('or
Q: KPeT > Gt

(je7,0: QG- 2F43,i€1] —

Q (ju,i) = §4€Q(j,83) | o (q)=13

/-\Hose,anv, We may take +he c,oMpoS‘hLe
39{'.‘\ o obfoin a diserete opgbva{'ion
and +the Compocﬂ'e

Poa : KOPX A — §e+ iel

(3,%: Q3G ,-Y '} a) +— J&(j,o(,i)xf)(i,a)
+o 3e,{- the com posite of comodvules (4

(Poly 14, %) viewed as spans,

! ;:\ T sovcl, theat 0(‘=0< °&(W.").



