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OUTLINE OF THE TALK

1 Mo’civajcing AWFS via

examples
2. Double categories &
definition of AWFS
3. Delta lenses &

twisted coreflections
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Main 3oals for talk:

Unpack the reformulation of

AWFS due to Bourke (2023).

« Introduce the new notion of

twisted coreflection.

. Construct an AWFS on Cat with:

* left class = twisted coreflections

* righ't class = deHa lenses




PART 1: MOTIVATING A.W.FS. VIA EXAMPLES




COPRODUCT INJECTIONS & SPLIT EPIMORPHISMS
Let C be a ca’cegor\j with finite coProclu.c’cs.

FACTORISATION LIFTING
/), > A — Q0 —A ", C
: . [h,RY)
l B l“ l “l /@
B—AB | B S AR 2,
\\ l[ﬂla] e R —
1q B —/
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SPL
IT I"\OI\LIOJCI"lORPI-IISI"\S & PRODUCT PROJECTIONS
et C be a category with finite products.

FACTORISATION

LIFTING

O 4




SPLIT OPFIBRATIONS

A SPH oP{ibra.’cion. is a functor eq,u.ippecl
with a li'F{'.in,s ope.m,Jcion. (SpliH:ing)

Ao e,
Bl :
B ta —— l)
such that:
1. f9a,u)=u

2. LF(Q., 1%.) - 1a.
3. Y(a,veu)="P(a,v)o P(asu)

4 Each lift Pa,u) is opca.r'tesia.n.

\P(aau-) )
Q ? Q

3! /7
w v."
)

Q
f

fa -— b
W, A
fa
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SPLIT COREFLECTIONS

A Spli{‘ coreflection is a functor +
equipped with a retraction q
q,

A: B
-

and a natural transformation

A . et =1,
€=1

2

qt=1,

BR——8 \
8
such that the eq,ua{ions hold :
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Hove a coreflective a.cljunc':ion:

) 9
AT T B
.F

FACTORISATION




LIFTING AGAINST SPLIT OPFIBRATIONS (1) 07
hqu

P ——qy hgx —=—hqy
"V (hgx, ke,)l | l Y (hqy.ke,)
Jx--7=-5 )y
A——C
(a0 2 |6w
B——D q(hgx) g(hay)
fqx 5 >Tqy qujc Hq““)kfelilﬂ
.| 2 R | | ke,
X —— 4 Ry, —4 > Ry



LIFTING AGAINST SPLIT OPFIBRATIONS (2) O ¢

Useful fact: (f,¢):A—B is a SPH":
opfibration iff {,:[X,A]—I[X,B]
is a split opfibration for all X.

X—5A X _USA
%U S &
° B f.6=6| B

We can use this to construct Lifts of

split coreflections against split opfibrations.

A——C
(.9.0)| / | Ge
B D

R

We may define ‘Fu.nc{'orj as follows:

h
N

B =5(C B Uz C

ﬁ

s —
R D 9-£ =ke| D




THE STORY SO FAR 09

Several examples where we have Example: Morphisms of split epis
tfactorisation and lifting: A L » C
Rf=gh
Lett class right class t I‘P J I"V :
Y ¥ hy =Yk
coproduct injections split epis 3 e D
split monos product projections | +How should lifting account for
split coreflections | split opfibrations composition and "squares’?
_ . * In what sense is factorisation universal?
Each class is closed under composition,
_ . * Does li{:{ina aaainsf each class
but also have morph‘sms i morphusms‘.
determine the other class?




PART 2: DOUBLE CATEGORIES & A.LJES.




DOUBLE CATEGORIES 10

A double caJcecjorH ID consists of: - IDis thin if cell = boundara_

- objects
* Example: For each cateqory C,

- horizontal morphisms
. 'H’lQ. dOU.bl-e Ca.-l.—e.ﬂOY'j O'F Sclu.a.res $(l(C)
- vertical morphisms

.cells A v Lett class right class
1 o« {3 Inj () §pEpi (C)
B——D $pMono(C) Proj(€)
o el % esseeiolive SpCoref 5pOpf

horizontal & vertical cOmPosi{ion - Each have double functor to $q,(6)‘



DOUBLE-CATEGORICAL LIFTING OPERATIONS 11

u \/
IL » §q(C) < R s s —
, | Yk — u;l
A (lL,lR)-“Hing operation isa 'Fo.milg LhJ' ujl / le - ul
g 0 )  ——) O )
UA——VC R ,
Wj | ‘Pielst)
> —_—
B t D . VR — e
which satisfies certain honzontal Lljl 9: & Lljl
and vertical Compaiibi[]’cies. . — :, . — o
Example: $PCore-F—3$ql(Ca{:\b$POpf t dual compatibilities on righf.




THE DOUBLE CATEGORY IRLP(J) 12

For each double functor JTL 54 (c)
there is a double category

RLP(T) — §4(C)

whose :

- objects & horizontal mor. are from C

- vertical mor. are pairs (f,%9) where
UA—— C

Wi | B0 |y
UB——D

fis morphism in C

P s a (.ﬂ',wc)-l}{:’cing

OPevation

. cells (’f','-l’)—‘(e.*l’) are given b-:j:

7 I L=yl
ot—)o—k)o .k_{-).

Dually, we can define LLP(T).

Given a ("_,lm-liﬂing operation we

obtain canonical double functors:

IL— LLP(R) IR—RLP(L)



ALGEBRAIC WEAK FACTORISATION SYSTEMS 13

An algebra'\c weak ‘Fac{orisa’tion sgd;em 1S

a (L,lR)-liHing operation P where
u V

L —Y §o(0) ——R

such that the followmgq axioms hold:

(i) induced double functors are iso

IL— LLP(R) IR—RLP(L)

i) Each f in C admits a factorisation
. Lllg\,. V‘h'\.. — +

e —) o

which is WU;- counversal & Vi-umversal.

. Everg OFS (E,M\ on C is an AWFS:
§4(C.6) = §4(0) — §q(c.4)

- Axiom (i) says that vert. morphisms
inlL and IR are "ov%ogonal" wrt. P.

- Axiom (ii) says that factorisation
into ”.-morphism followed l)lj |R-morphism
1s "the most oP{ima.l" Jchrou.gh each.



PART 3: DELTA LENSES & TWISTED COREFLECTIONS




CONTEXT FOR DELTA LENSES 14

7011: Delta lenses introduced as an 2013-2021: Long-running programme
algebra'\c model for "bidirectional by Johnson & Rosebrugh to understand

transformations” in computer science. delta lenses using ca{egorg {heorg.

2012 Spli{ opicibrajcions studied as a 2022"20231 | prove that delta lenses

compe{ing model -"least cho.nae Lifts" | are algebro.s for a monad. on Cat®

2013: Delta lenses characterised as Question: What diagrams do lenses Lift?

certain algebras for a semi-monad on Cat'; A—C

deH:a lens
el

Comparison made with spliJc OPJf-il)ra‘IZioﬂS. [y J, - -7 l

B—D



DELTA LENSES 15

A delta lens is a functor eq,u.ippecl
with a l.i'Ffing operafion.

A LP(o.,u) )
f l ) :
B fa——b

a Y A
that satisfies the ‘Fouowin.cj axioms:
1. f®(a,u)=u
2. LP(CL,]..(:G): 10,
3. Y(a,veu)=Y(a' v)o¥P(a,u)

Let |Lens denote the double ca’cegorﬁ
of categories, functors, & delta lenses.

A cell with bounc[arg

A——C
(f,\?)l l(e,“t')
B——D

exists if kRf =qh & h'P(a,u) =Y (ha,ku).

ferOFnE - » |Lens » $<1(Cajc)




TWISTED COREFLECTIONS

it
A twisted coreflection is :fcoreﬂec{ion

) 9
AT T B
.F

such that if q(u:x-y)#1, there exists

Q U.Yliq’le morphism (_?Lu.IX—)'FCLx such Hmf:

.F
- _1 'qu = "Fqg
o Ee 3 ?31- €
€H°‘Fq'u.°¢—lu=ll xl» ; A J, <
X * Y
u

16

Le{ -H—wCoRe'F deno{‘e Jche c‘.ou.l:le Ca."f.
O‘F Co.'liegories, func{ors, g( fwis{ed.

coreflections. A cell with bounclarg

exists if kf =qh,hq =pR & R-e=%R.

TMwCoref <

» Coref » $cl((.’a.’c)




BUILDING A TWISTED COREFLECTION

. Choose a ca’cegortj A for the ,
domain of the twisted coreflection.

. For each object a. €A choose a

cat egory Xq_ w‘{k an in.'l‘l:io.l ob\']ec,f.

CGlue each nitial objecjc 0. X,
to the correspono\incj atcA.

Close under composition.

17




DIAGRAMMATIC CHARACTERISATIONS 18

DELTA LENS (f,%)

bijective-on-objects

N
X ——A

discrete l f

opfibration — = £V

where the category X has:

- Same objecfs as A

- morphisms are the chosen Lifts ?(a,u)

TWISTED CoREFLECTION (f,q,¢)

bijective-on-objects

1 b~
discrete S Ao - )A |

category
F
[ 3 T - [ A I%

2 g} = X B

a€A,

where morphisms in B are either:

fa —)-Fw fa’

T

<y

Xl—ii—ﬁﬁj

Clu.zicl.

c[’uzid qy:ic’.



FACTORISATION 19

(-),: Cat—Cat — discrete category comonad

oplit A,

1'/-\ X A
coreflection Lf
D f _'T |— [ B T\

; J-‘F b.o.o. ? E"F ¥
d:f‘:jc_e e l Rf /
opfibration

B B

where Jf= 2 fa/B

a€Eh,

€= ===

. Rf:Ef—B

- Lf:-A—Ef ¢ the cofree
twisted coreflection on f:A—B.

is the free delta lens
on T:A—B (see arXiv:2305.02732).

- Close connection with (coproduct

injection, split epimorphism) AW.FS.:
* Initial object comonad X— @

* (au morphisms,isomorphisms) O.F.S.



LIFTING AGAINST DELTA LENSES 20

twisted delta
coreflection A lens

h
" (f,ct,a)l / l(g,ﬂf) J
B——D

Construct {uncforj as follows:

A
o
X——B8




COROLLARIES & FUTURE WORK 2 1

T heorem: There is a AWFS:

wCoRef % $q(Cat) < ILens

- Delta lenses are algebras for
a monad on Co.’cz, and are

stable under pullbo.c k.

- Twisted coreflections are
c.oa.lcjebras for a comonad on Cat?

and are stable yunder pushouts.

277

Sc ‘flSp Epi(/"‘on\ 1~ ;SP Epi(/"\on\

J: USEFUL!
)

SpOpfé L. Lens T 1L 7Ca_-[m
P Cl‘:‘%

ldea: Given an AWFS on C and

an idempotent comonad on C, we

may construct a new AWFS on C
it enough pushouts in C exist.



SUMMARY OF THE TALK 2 2

. Unpacked the reformulation of AWFS | - Constructed a new example of an
due to Bourke using double ca.Jcegories: AWFS on Cat consisting of twisted
u \/ re :
lL 3 $°[(c) ¢ IR coreflections and c[e.H:a. lenSes.

7
* Introduced twisted coreflections Ao L{:) A
spht
asréoref lections with a pusheut property: [—lT [—{[
1

A—— A > fale = Jf EF | f
(N
Hl -

24 —B R R




