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MOTIVATION

Lenses have two components:

forwards

A | | B

backwards

A — B } Classical lens

A ——AxB
Backwards componen‘lf = lif{ing

{-}—A X— A

I p(aQ y l;

i -}ae

(fa,b)

split

mono

Y—»B

be{ween Se‘l',S

I'H s lclassical

lens

01

Two kinds of lenses between ca’cegovies:

- Split opfibrations (JRW ,2012)
(DXC, 2011)

a ) /A\
R I
{. _,.} y B

Functors admit factorisations:
A B

What s LF
the left class? -~

‘Delta lenses

{-}
What can [
be Lifted?




OUTLINE OF THE TALK 02

1. SPliJc opfibra{ions
2. De.ljca. lznses

3. Double ca{egories &
Lifting awfs

4 Concluding remarks

Main contributions:
. |VL'|Zroc|Uc_in3 twisted. coreflections

. Cons’cruc{imj li-ﬂ:inﬂ awfs with:

Left class Right class
Spli'l: coreflection Sp,.i{ op{:ibmﬁon
twisted coreflection | delta fens

o > e

Ul N A




PART 1: SPLIT OPFIBRATIONS




SPLIT OPFIBRATIONS

A SPIif onibra,Jcion, is a functor equfppeti
with a li{finﬂ ope.m.Jcion. (5pli{'Hn3)

A 5 Y(a,u) y
Bl :
B fo —b
such that:
1. $%(@,u)=u

2. LP(Q) 1%.) — 10.
3. Y(a,veu)="(a\v)oP(a,u)

4. Each Lift P@,u) is opco.r‘l:esia.n.

Pla,u) ,
o} » Q

= 1Pat
w k,’
)

o
{

fa -— b
W, A
fa?
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SPLIT COREFLECTIONS

A Splif coreflection is a functor
eclu.ippeol with a righf—adj::id—le”-

inverse (RALI).

¢ v counit
A - T \ B gfq,ﬁ 15
.F
T hree equa’cions hold -
qf=1, ef=1, qe=1;

o4

The simples‘-: example of a
split coreflection is qgiven by:

o > e




LIFTING AGAINST SPLIT OPFIBRATIONS 05

hqu

4x ——qy hgx ———hqy
Y (hgx, ke,)l | l Y (hqy.ke,)
Jx--2=-5 )y
A——C
fa0)| 2 6w
B——D (hqx g(hay)
e — ofes RFax 8 fa




FACTORISATION THROUGH THE COMMA CATEGORY [os

For f:A—>B, the ca.'l:eaor-:j 11z has:

- objects given by (a€A,u:fa-b)

- morphisms (w, vy :(as,u;) = (a,,u,)
qiven by commutative squares:

w
a, Y a,

'Fa.l fu ? 'Fa.z

uil Q luz

b, » b,

\V/

Eve,rH functor factorises H'Lrou.gh the
comma caiegorg into a (cofree)

split coreflection followed by a
(free) Spl.i{: opfibra.jcion..




PART 2: DELTA LENSES




DELTA LENSES 01

A delta lens is a functor e.q,u.ippecl
with a l.i'Ffing opero.Jcion.

/A\ P(a,u)
f
B

o} Y a’

fd “)E

that satisfies the ‘Fo[lowincj axioms:

1 f%(a,u)=u
2. LP(O.,]..(:,J: 10.
3. Y(a,veu)=YP(a’,v) o P(a,u)

Two simPle exa.mple,s of delta lenses

which are not split opfibrations.

. ./'1'1
\o \o
 —S e O —m— e

/v\o’(ivajcing clu.esfion: which liHirLg

problems do delta lenses solve?



LIFTING PROBLEMS

G;\Ien a commu.‘ta.{ive S1ua.re 'm Ca,{:

h
Gives a A ; ,: C
"diagvam" f l = ! lﬂ
Lin) B——D

such that azC—’D 1S eq,u.iPPecl

with a delta lens structure |

what are the conditions on f:A—R

such that a canonical j:B—C exists?

Example:

{-)

J

(=)

NOI‘L"QXCLMP'.QI

(=)

S

Plew -7 | (49)

B

O €




TWISTED COREFLECTIONS 0 1

A twisted coreflection is a sPliJc coreflection

¢ 9
A - J_ )B E-Fq,ﬁiB
.F

eq,u.ippecl. with a parjc]a.l chisjt}ng opevaiion

U.:x—uj — 'Tu.:)c—)'Fctx if C[,uii

that satisfies the fo[lowing axioms:

1. eyefqueTu = U 7. Tueg,=1
TVe if =1

3. T(Vou):{ ver o

TWw otherwise

fqx

Two laincls O‘F najturo.l.ijccj

square for counit.

wcctx 1£cw

Ex l leg
X — Y
1ccpc &Lu >7c¢w

&J Twu laﬂ
X " Y



BUILDING A TWISTED COREFLECTION 10

. Choose a co.’cegonj A for the
domain of the twisted coreflection.

. For each object a. €A choose a

cat egory Xq w'\,ch. an ir\;{io.\ ob\']ec,{:.

CGlue each mitial object 0,€X,,

JCQ the corresponding a & A‘

Close under composition.

90y

Does every t.c. anse in this wa.g?



EXAMPLES OF TWISTED COREFLECTIONS 11

® L} ° ° L) ° —V) °
— (i u \Y} W
S d o —/) o6 —/8 o —m) o
¢ uw V — —)
o —8) o —m) o rS_l r,
v ) ‘/ Szl Tr,_ YnSn:
. for n=1,2
S
— u \Y/
- o ) o —) o L °
S. Sz S3
° o e °
@ &—— o —) o —8) oo " I V2 £
_tl / VoS —
r rts=1 ° for n=172,3
°




LIFTING AGAINST DELTA LENSES (1) 12
1x ——qy hgx —— hq
Vinge k)| To(imney [¥ihayhey
X —— Jy
A——C J
(f ‘i’E’T)J, / l(a Y)
B ——D S(MT) s(h]tls)
Fax —1% 5o, ffax  kfa.
T s [ P i
X Y Y e Ry



LIFTING AGAINST DELTA LENSES (2) 13

q X qu:ibqy hqx h‘lﬂ
Ylhgx, ke,) | lW(hqg.kea)
i P o 3
A 4
() I [CH
B——D ﬂ(hﬁl]c) s(h]tls)
fqx fqy kT4

||
€. € REx k€,
)lC uw S i ’ k)( Ru R kg



FACTORISATION, ABSTRACTLY T

1
inﬂ'.'lu.l Ao A ) A

functor
Sl
T ——Ef
discrete 7 iR‘F
opfibration B B

where Jf= 2 fa/B

ach,

I

- We know that Rf:Ef—B s the

(free) delta lens on the functor
F:A—B. (see arXiv:2305.02732)

+ To show that Lf:A—Ef is a

(cofree) twisted coreflection, we

an\.JC an e.x_plic'ujc chara.c.‘feriso.{fon

of the pushout EF. //

USLLCL‘.L‘:I hard to do!




FACTORISATION, EXPLICITLY (1) 15

The cafcegorg Ef (codomain of the cofree twisted coreflection) has:
. objec'ts are pairs (a. EA, u:fa—b EB)
- morphisms ave aeneva*ed b\j the (o“ow\.naz

a a a,———a,

chosen lifts morphisms of A

fa fa fo—2—1a,
DT N A

1
bi "bz ‘Fai r "Faz

The functor Lf:A— Ef sends a mor phism w:a,—a, to the second generator.

\Y



FACTORISATION, EXPLICITLY (2) 16

The cafcegorg Ef (codomain of the cofree twisted coreflection) has:
. ob\jec'ts ave pairs (o. EA, u:fa—b EB)

y rVLorphisms (a;,ui)é (a-z)“z) are given bg the -Fo“ow;ng two sorts:

W
a, a, Q, a, >a, a,

'Fo.1 'Faz 'Fal 'Fo,1 fu "Faz 'Faz

“ e ISR

\V ) bZ bl )-Fai 'FUU "FCLZ , ? bz
The right adjoint Ef—A sends these to 1 and w | resPQCJcivela.

Vv V]



FACTORISATION, EXPLICITLY (3)

The cafcegorg Ef (codomain of the cofree twisted coreflection) has:
. objec{S ave pairs (o. EA, u:fa—b EB)

y rVLorphisms (az,ui)é (Ctz,uz) are given bg the -Fo“ow;ng two sorts:

w
Q, a, a, > a,

17

ta, fa, fa, o » fa, veuy, =1

N AT

u’z
' b, 5 .b, "X_ COMPACT

b.ofwey VERSION
The right adjoint Ef—A sends these to 1 and w | resPQCJciveL}j.




SUMMARY OF THE TALK SO FAR 18

For the classes Questions:
I_= split coreflection /

twisted coreflection

R = split opfibration /
delta lens » How can we show that L is the

we defined Llifts of £ against R largest class which Lift against R ?

and factorisations of functors

into a L followed bLj a R.

- Are the classes L and R closed

under composition?

e In what sense is the factorisations

defined "universal' ?




PART 3: DOUBLE CATEGORIES & LIFTING AWFS




DOUBLE CATEGORIES 19

A double cafecjorﬂ ID consists of: - IDis thin if cell = bounclarg.

- objects
° EXample: For ea,cl‘l. Ca,feaonj G,

- horizontal morphisms

the double cat of squares $3(C).
- vertical morphisms © category ot Squares o4

h

. Ce“.S ° ID 1S concrei:e I‘F thin & Hle.re 'S

A—t—C
f i Y :I:g a double 'Fu.ncfor
B D

1D K $q}(€)
that 1s the iden’c]’cg on ob\jecfs

and horizontal M,orph[sms.

R

+ unital & associative

horizontal & vertical C,omposi{ion



THE DOUBLE CATEGORY OF DELTA LENSES 20

Delta lenses compose as follows

e (oY (fa,u))

A Q D e
(F,‘P)l '

R fa WV (fa,u) .
(aMJ’ .

C gfa = s

concrete

Let ILens denote the double Cajce,gorH
of ca’cegories, functors, & delta lenses.

A cell with bou.nclarg

A——C
({,tp)l l(eﬂ’)
B——D

exists it kf =qh & h'P(a,u) =Y (ha ku).
Lens —V $q(Caf)




THE DOUBLE CATEGORY OF

Twisted coreflections compose :

A qtqpu ‘
gtq px >gtqpy
O P o
B gpx apu > Dlj
a[—qp "*HN 1>
>
C «

I'F qpu+l, then pu#1

-“-wCoRe{: 4 >$cl(ca{)

TWISTED COREFLECTIONS [21

concrete

Let TwCoRef denote {he,\double cat.
of ca’cegories, functors, & twisted
coreflections. A cell with bounclarg

A——C
('F,q,,é,’t)l J,(S»Psg)o')
8——0D

exists if Rf =qh, hq =pkR, R-€=Fk,
and RTtu = ockhku.

«———




DOUBLE-CATEGORICAL LIFTING OPERATIONS

U \V
IL > $q(C) & IR 0 —) ¢ - o
. . "PJ’,k —_— ] i,
A (lL,lR)-\iHing operation isa 'Fo.milld LhJ' ujl / J’Vk i ull
S 6 ) 0 =) o °
UA ;VC . :
(s,t) k
. l 2 J/ v u;l LP‘./ LUJ'
UB ; VD : VE = .
which satisfies certain horizontal Lljl P b ujl
and vertical compatibilities. « — :’ o

22

+ dual compa’cib'nlijcies on righ{’.




THE DOUBLE CATEGORY IRLP(J) 23

For each double functor J].L §q (c)

there is a concrete double cat.
RLP(T) — §4(C)

whose :

- objects & horizontal mor. are from C

- vertical mor. are pairs (£,%) where
UA—— C

Wi § %697 L
UB——D

fis morphism in C

P s a (I,ﬂ-“ﬂing

opevation

. cells ('F,'-P)—’(g,*l’) are given 175:

5 [ s = s
.t_) _k). .k_{-).
If ID = |RLP(J]-), we say that

D is cowci!:ranjc[y genera’ced bg J.

We can also define LLP(T)

in a dual way.



CHARACTERISING DELTA

Consider the double cat J whose:
. objec{s are the ordinals 1, 2,3

. horizontal mwphisms are all
ordev-presevv{ng maps

- vertical moy phisms 3enera+ecl by
11 -
All
D e

- cells ave generated 53

2 | e—.

dzl
.| 3.

—

LENSES VIA LIFTS 24
1 —451 1 2,9
o e
2 ——1 23

1 ! Theorem:
dy
i % Lens =
| || RLP(D)
2 dy ’ 3 (No‘l:e: Je—Twlo Ref)




MAIN THEOREM 25

(Bourke,2023)'-A Lif{lng awis 1s an
(lL,lR)—li'Pcing oPerq:Hon. Y where

U \/
IL Y $q(c) ¢ R
such that the Fol.lowinﬂ axioms hold:

(i) induced double functors are iso

L—LLP(R) IR—RLP(L)

(ii) Each f in € admits a factorisation

u-xg\,. Vxh-\’. S .L).

which is U;-counversal & Vi-unmversal.

Theoremt The.re 1S a lif’cing auu'Fs-.

TwCoRmE L’ $%(Ca{') i".ens

- The Llifts of twisted coreflections

against delta lenses are compatible

with horizon’tal/\lerﬂcal composijcion.

* Delta lenses are determined btj Lifts

ag ainst tursted coreflections.

. Evevg functor factorises into cofree

twisted coreflection & free delta lens.




PART 4: CONCLUDING REMARKS




CONSEQUENCES & COROLLARIES 26

- Split coreflections & split *Delta lenses are algebras for
opfibrations form a lifting awfs. a monad on Sq(Cat), and are

tabl d llback .
»Exists a morphism of Lifting awfs: stable under pullbac

TwCORE'F "—ens coalgebms for a comonad on

ﬂ N
\ |/ Sq(Cat), and are stable

q(Cat

LLrLCJ.QT pus l’LOUtS .
/ AN

¥ J
CoRef §0pf | T TuloRef = LLPRLP(I)

- Twisted coreflections are




SUMMARY & FUTURE WORK 27

- We introduced twisted coreflections Conjec’ture: Twisted coreflections

and showed that with delta lenses are precisely pushouts of the form:
> A

- Showed that delta lenses are J:_{l\ J:_|’|\
cofibranjcluj qenem{ed by small J. X [ N B

Question: How can we extend the

notion of (lL,\R)-UHing operq,{:fon to

they form a Lif’cinﬂ awfs. A 1A

. Developed a better unders{anding

on the similarities & differences

between delta lenses & split opfibrations.
st e e SP o e CQP-tuYQ retYO'Fu.VlC":OfS/CO'FUnC":OrS?



