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THE SETTING

A SHSJ(em IS u.ncJ.e.rs{ooal as a ca{egorj whose=

y objec{‘s are the s{ajces; A

* morphisms are the upcla.":es/'lrransi'lzions.

A bidirectional transformation between systems
is modelled using a (delta) lens which consists of
+ a forwards component which determines when
states are consistent; B
+ a backwards component which restores

consisjcencg when an u.pcla{e. occurs.
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HISTORY & CONTEXT 02

- 2005: The term lens first appears in the literature.

- 2006 Grandis & Tholen define algebraic weak factorisation systems.
- 2010 State-based lenses are shown %o be algebras for a monad on Set/B.
- 2011: Diskin, Xiong, & Caarnecki introduce delta lenses.

on Cat/B.
- 2012 C-lenses (o..lz.a. sPliJc opfil)rai:ionS) defined as algel)ras for a monad jj

- 2013 Delta lenses are shown 'l:o be certain o.l.gebras for a semi-monad




De“:o. lenses are certain

o.lge[:ras for a. semi-monad
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1. DeLta Lenses



DEFINING DELTA LENSES 05

A delta lens (F,%) is a functor F:A—B
Eq’uippecl with a |.i1c{:incj oPero.Jcion P

A q —e »p(a,u)
7l
B fa——b
which satisfies the following axioms:
1. {Plau=u
2. Y(a,1.)=1.

3. Yla,veu)="Y(pla,w),v) e P(a,u)

Let fens be the cajceaorﬂ whose objechs

are cle.ljco. lenses and whose morphisms

A——C
(9 | 1 G6¥)
B——D

are pairs of functors <h,R) such that

Ref=g-h and h'?(a,u) =Y (ha ku).

GOAL: Show that U is monadic.
U:fens —— Cat®



BASIC EXAMPLES

g S{a{e—basecl '.e.nses are clel',:a

lenses between codiscrete cateqgories. Z//
t:A—B p:AxB—A

 Discrete op'Fibro.fions are delta
lenses such that LP(a,fw\= W.

: Splijc op‘Fibro.fions are delta

lenses such that the chosen lifts bi

LP(Q,Q) are opcar{esian.




CERTAIN ALGEBRAS FOR A SEMI-MONAD 07

Given a functor :A—B we define

Tf:= > "/

a€A,

the cateqory whose:
o olajecjcs are (a €A  u:fa—b eB)

¢ morphisms are commu.Jcing JcrianﬂleS'-

« Delta lens T:Jf—RB given 65

Coc'omo.in. projecf}on (O-,l-l) — COC[(U-).

* The assignmenjc f — [ clencfnes

a semi-monad (T, ) on Cat®

‘DeH:o. lenses are cerjco.in. algebras:

a
| l / l+ muulfi.maon
(a»iﬁ) Tf ?



2. IA\LGEBRAIC wEAK FACTORISATION SHSTEMS




ORTHOGONAL FACTORISATION SYSTEMS 08

An OFS on Qa ca{:egort_j C Consfsfs O‘F cho cl.a.SSeS o{: morphisms i.a.n.of..R.,

con’caining the isomorphisms & closed under composition, such that:

Factorisation: Or{h03onali’cg:
£
A B A——C
3.7
fei\ /:-eR fe{‘l,"j 1r€R

B ——D

EXO.W\P‘-Q: Th.e comprehensive 'Facjcorisa.fion SHS+QM on CO.{'. hO-S LQ‘F'[’ C'.CLSS 'Hle.

ln{lal functors and righ{ class the discrete opfibra’cions.



ALGEBRAIC WEAK FACTORISATION SYSTEMS 04

An algebro.ic weak factorisation SBSJtem (AwFS) on a ca'l'egorl_.] C consists of:
* A functorial factorisation on C;

h
L*coo.laebra.s & A ’ C If L and R are
R-'Q\jebras replace NF :'3/ idempo%en‘l:, then OFS
the lef} & right

E<h,RY
class of movphisms f E'F )Eg 3

N
:

3 . D
A comonad (L,e,A\ and a monad (R,"L,H) on Cz;
- A distributative law §:LR=RL of the comonad L over the monad R.




LIFTING L-COALGEBRAS AGAINST R-ALGEBRAS [0

Given an AWFS (L,R) on C, consider the Construct a canonical cl.ia.aona.l

L-coalgebro. (f.s) and R-algebra (a.p). filler, or lift, for each square:
h

Lf 3E'F A . C

¢ l / lg; Note that w '7/

P(Lf,1)=5¢ f E{: Eh.k> )ES 9

d y
- J Af Rs\v

efki=r | B k D

Lal/}

LF(h)k) — p°E<h,k§°S: B—C.




COMPOSING R-ALGEBRAS VIA LIFTING 11

A A

Co{ree _F_ /
coa.lsebra f
| P(1,,'9(£,Rh))
Lh

h

Su.ppose we have R-algebra.s (f,p)
and (cj,r) as above.

How do we compose these R-o.lgebms?

We construct Lifts in two steps.

A—" B

LhJ A la

Fh———— C

A

A
\P(1,,(£,Rh))
th / J £
B

El" Y (f,Rh) ?




EXAMPLES OF LENSES AS R-ALGEBRAS

T here is an AWFS on Set which factors
a function {hrou.ﬁh. the product:
f
A > B
(1,.,{)\ /' B
AxB

TI‘LQ R'a.lﬂe.l)ras are S'l:a.‘le-ba.secl (enses.

—The L-coalgebra.s are SPU{' monos.

— Generalises to any c.o.{:egorﬂ C

with finite Procl ucts.

12

T here is an AWFS on Cot which factors
a functor Jchrou.ﬁh the comma cajcegorﬂt

f
A > B
AN g
(c-lenses)

1
/1, g

Tl‘te R-alﬂel)ra.s are sPli{: opfibrqfﬁons.
—The L-coalgebms are LALIs.

- Cenerq,lises 'I:O O.n.lj 2‘CO.{'€3OY5 /K

with comma obJechs.



3.THE A.w.F.S. FOR DELTA I._ENSES




THE FREE DELTA LENS (1) 13

The free delta lens RfF:Ef—B on a functor :A—B has domain whose:
. ob\je.c'ts ave pairs (o. EA, u:fa—b ER)

* morphisms are genevated by the Follow{ngz

W
a a, a, ya,

chosen lifts 'FCI., 'FCL, 'FCL1 fw "FCL,_ morphism.s of A

B L
51 - >b, fa; fo "Faz

The functor Rf sends these generators to v:b,—b, and fw:fa,— fa,, respec',:ively.
The (fu“g faithful) functor Lf sends a morphism wia,—a, to the 2nd generator.




THE FREE DELTA LENS (2) 13

The free delta lens RF:Ef—B on a functor :A—B has domain whose:
. ob\je.c'ts ave pairs (o. EA, u:fa—b ER)

- morphisms (a,,us) —> (a.,u,) are given by the following two sorts:

w
Q, Q. a, a, >a, )

{;CL: fqz fa 'Fa1 fu "'Fo.z 'Faz

1

ull lu,_ “ | 1| |2 e

£ U,
b1 ~— bz l31 . )-Fai = %Faz 2 bz

The functor Rf sends these to v:b,—b, and u,ofwev:b,— b, respecjcively.



THE FREE DELTA LENS (3)

13

The free delta lens RfF:Ef—B on a functor :A—B has domain whose:
. ob\je.c'ts ave pairs (o. EA, u:fa—b ER)

- morphisms (a,,us) —> (a.,u,) are given by the following two sorts:

w

[(A) o, —

ta,
ull l“?— uil[jv > &2“'2\ COMPACT

- VERSION

Tlfle. Func{:or R{: sends these to Vibi—\bz and uzo{:on: bi—) b,,,respec{ively.




THE AWFS FOR

FACTORISATION

o ”
i, A= A
|l
a%\ fa |IB = J-F > E-F {
° lTP IRf
discrete o+~ g

opfibration [}

B

Ceneralises to Co.feﬂonj C with pushoufs,

an Orjthoaonal ‘Fa,c,'llorisa{"lon SHS'I.'em,

and suitable iclempoJcenJc comonaci.

14

DELTA LENSES

ALGEBRAS FOR A MONAD

A——A
| s

Ff—— B

A

A
| =l
Tf——B

o

Tf
IDEA: To obtain the [iHinﬂ operation P
Qa Qa
fa fa ?(a,u)

l“- — a ——p(a,u)

']

fa—b



L-COALGEBRAS & LIFTING 15

A l_-coo.lgebra. 1S an acLJunc{ion.

€ v q,o'F:
ACT B ‘
F 8='F°CL=7|B

such that if q(u. : 51—7 bz);t 1, there is
) spe_c;ﬂeci Qu:bi—)'[:clbl such that:

fau
(—lu- . E.Ltz 1 -Fq,bi "FQBZ

(3 q €
€, ofqu-qu=u b‘l Iqu l :
b, > b,

u

fo)—=—— A delta lens

L‘coalﬂelaro. tp( : )
- R

fo-13—— B

IDEA: A L-coalgebra is the most general

Sjcru.cjtu.re 'U‘lo.Jc a de[{a lens can L.Pc

L‘ Coalﬂelara. delJ(a. lens

(fq)[/l(aw




COMPOSITION 16

Delta lenses compose as follows:

LP(0¢>'\V(FQ,IL\)
A Q > o

(£,9)

VY (fa ; w)

|/ ven,
(l: I

(3.v)

gfa y C

Can obtain same formula via AWFS.

{0

a \ /A\
\/ l{
‘P(a.,"l’(fo.,u))
B h
Ll
VY ($a, u)

{5—)1} — y C

Consiclering delta lenses as R—a.lgebra.s,

obtain a unitial and associative

cOmposi{:}on using the AWES.



4_. CONCLU DING REMARKS




A DOUBLE-CATEGORICAL STORY 17

A double category ID consists of:
— objects A,B,C,D,...
- horizontal morphisms + — -«
— vertical morphisms - —— -

—cells
h

A—t—C
Floec s
B ——D

R

Hrlo.Jc Compose horizonjtaug & Venll'co.uy.

T here is a double ca’cegorg Lens of:
} Cat

- morphlsms of delta lenses

}iens
A——C

(£, ') i Jv[ (9,v)
B——D

Delta lenses are objects and morphisms.

— c.a'lreﬂor{es
— functors

— delta lenses




FUTURE

Lots of examples of “lawful’ lenses
arising as R-algebras for an AWFS:

- state-based lenses

+ discrete opfibrations

+ split opfibrations (c-lenses)

. delta lenses

Do cn_u e.xo.mples fit

into this framework?

WORK 18

free delta lens

We have shown that U is monadic.
» What is the Kleisli cateqory ?

+ What ave the RU-coalgebras?

- What are the opcartesian lifts?



SUMMARY OF THE TALK 19

Delta lenses are

algebras 'FO\' a m.on,a.cl.

{\ens monadic\, Ca{z

H

Refines the semi-monad
approach

EVQYlj 'FULYLC'IZOY 'FO.C{OYS

through a
free delta lens

/

DOU.LI.Q ca.‘l:eﬂorg -
of delta lenses

/

AWFS for

delta lenses

N

s New meﬂnoc‘. for

Co ns’truc{inﬂ examples

ComPosi{ion of delta

lenses as R-a.laeb ras

IS canonicallg induced

Useful perspective on
backwavds part of lens

)

Lifts of delta lenses

a.ga.i n,s'l: L-coalgebras ave

canonicallg induced




