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MOTIVATION & OVERVIEW 0 1

g A doul:'.e ca.'tegorﬂ arises 'From AUFS i'F:

algelaraic weak factorisation Sgsjcems

(L R) 0 - it s right-connec’cec{

I — satisfies a mona.cl{cijcﬂ condition.

L R-Ilg

- Question: Co.n. we construct an AWFS

righ’c—connec’ced double co.’cegories

'FYOM a doul)le CQ.'I:QQOHj?

n
N
)
—| | right-connected OUTLINE OF THE TALK
/ c.om.ple‘cion.
J i 1. Tl‘tree approaches to the R.C.C.

double C&'teﬂOTiQS 2 EXG.MPI.QS + (CO)monaclicifg conditions




DOUBLE CATEGORIES 0 2

A double ca{egorﬂ consists of :
’ objecjcs A, B,C D, ...

+ horizontal morph.’sms e —

° Verjtical morphisms > —t—) o

A——C
1(& < fe
B——D

+ identities & composijcion

- cells

\_

A double ca{egorﬂ ID is an internal
ca’cesor-j in the z-cajcegorﬂ CAT.

dom

_ \)fDoj id >®1< comE D1X®,®1

cod /\

/

The nerve of a double ca.{egond

DBL <= [A” CAT]

is 2-functor Ny = DBL(\V(-),lb) where:

A— CAT,—DBL



TWO RUNNING EXAMPLES 03

IKL(C,R) for comonad Q on C.

- objec{s are objects of C

+ horizontal morphisms are morphisms of C
+ vertical morphisms are cokleisli maps

- cells are COmmu.Jcing Squares in C
QA Qh N QC

% la
B——D

Interested in IK{(G ,Q)v', also IK{(C,T).

Ret (or Cof)

. objecjcs are ca.Jcegories

(a k.a. cofunc.{ovs)

. horizonjco.l morphisms are func{ors

+ vertical morphisms are retrofunctors

- cells are A S C

bijec{ive-on—objed‘.s T T
|
X—Y

discrete opf‘ubra{ior\. l

|
B ——D




ALGEBRAIC WEAK FACTORISATION SYSTEMS 0 4

An. AwFS on a cqfeaorﬂ C ConSiSJCS o\c:

o functorial facterisation (L,E R)

.F
- Y

A b —=—B

h l lE(h,k) lh
» D

D A

. comonad L & monad R on Cz +dist. law

If L and R are idempo’cenjc,’chen OFS on C.

Lifts of L'coo.lsel)ms,\:rjqinsf R—algebm

(a.P)

S
A

(4,5)

A=

h )C

Lg

~ %
[ E‘F E{h,R) ’Eg P q
=, R~ 4
B - D

We can use this to compose R-algebras,

and define a double cajcegorl:j R-/Alﬂ

dom

C< id

? R‘Alg

XY



RIGHT-CONNECTED DOUBLE CATEGORIES

A double cat. is riﬂk’c-connec{ecl e

d
D, T D
€ Cod.

The unit p has components:

A A ——B
¥-|v- — 1t-|v- P, iide
B B— 8B

|dea: U is the un&erl\jina hor. morpk. of §.

05
 da 5
RcDBL( _T°bj—;CAT
The unit has COmPOIi.n{s U:ID—§4(0.):
A—=C A—=C
'F:I: o fe — UFl ng
B——D B——D

Thm: U;:D,— Sq'(:Do\ 1s monadic
e ID':'R‘IA‘g for an AWFS (L,R) on Do.




RIGHT-CONNECTED COMPLETION

"

RDBL. T  DBL

The right-connected completion IM(ID) has:

¢ Same objecfs A horl'zon.{a.l MOVPNSmS as |D,

¢ vertical morphisms are cells in ID of Shapet
.F)
A A—EB
fR01 4+ o« fid
B B——R
B

- cells (f,§,4)— (3,3, ) are cells Oin D

O 6

h q' £ R

L' 8§ S L'
° ) e ° ° ) @ ) @

‘CJ:[ o JF'B’J[“ —

> e ) e ] > > e
R 1 1 R

Compos'ljcion oJF Ver‘:ical Morphisms 1S
1.9

(F,6 ) + £+ « fid i
‘.’ ‘./ \v 9 . ¥

1 ) o ) o

CRWDR It 91 (» 1w
1 Y o ; D o

The counit has components V:I"(ID)—ID
with assignment (f F «)— f




EXAMPLES OF THE RIGHT-CONNECTED COMPLETION [07

IF(IKL(e,Q)") = SpEpilC,Q)
A - ? B vertical

morphism
ST TE,B ispa.

Q B Q B Q-split eps

ldea: Vertical morphisms in IM(IDY)

are generalised split epimorphisms.

||—'(|Rejc) — u_ens

bijec{ive-on—objec{s A

discrete opfibra‘lior\. X

N wl
B

£
>
B vertical

morphism
1S a

T y B delta lens

i

‘ ‘ generali sed.

B split op'fibro.'lion

- —> . IM(Ad; (X)) « —>
& O T Y
— Lali n K —

M (@ (K)) ce— .« I"(IPbSa(C)™)
¢ { I
2-cell inK o —. mono in C



APPROACH USING THE NERVE 08

R<DBL
Y \
CAT,, —— DBL

The rigk{-connec{ecl double ca.’tegonj IRe (C)
is the restriction of $q,(e\ to cells of shape:

A—— B
fl H
B :

Tl'le M has COmponen'lZS JQ\V(C) — IRC(C)

We have a relative 2-aa\junc’cion:

RcDBL(IRe(C),ID) = DBL(W(©),D)

The nerve of a r.c. double ca.JceSonj

ReDBL == [A”) CAT]
is 2-functor Ny = RCDBL(IRC(_),ID)

The right-connected completion I"(ID)

Is determined 53 its nerve:

Ney = DBL(Re(), ID) : A®— CAT



APPROACH USING COMMA OBJECTS 0 9

L 0,
R:DBL. T  DBL ) *L;d\d
@) | 2= /()
¢ d
LALl T SpEPI °°/<=\

The right-connected completion I'(ID) \ /

arises bj cons{ru.cjcing the cofree lali
on the section-retraction parv (iJ,CoJ) This a.pproo.cl'l. generallses to internal

USIng Comma ob\"ec.’cs n CAT/'DO Ca{egories D in any suitable Q'Ca+egor3.




(COOMONADICITY CONDITION 10

=
-
ey
L 4
N
K
&
e

<
j dom

T

T!l— cod ol
D, D,
5B A
§  |ide — l#’
— B B

Th_m: V,: I"l(lD) — D, is comonadic
< each fibre cod*{B} of the functor
cod :D,— D, admits products with the

vertical iden{:ihj morphism idg:B—8.

Suppose that:
* dom:D.—7D, has a N
+ cod: Da—D, 15 an opfibration

Then U1=|_'1(|D)—‘Sq,(3o\ has left acljoin{'.

Open ctu.es’c'\on: when is Uy monadic?




EXAMPLES WHERE (COYMONADICITY HOLDS 11

KL (€, Q)" $pE(e.0) % §(C)

1]
QR B/aB »)

‘ C ha.s Procluc{'.s ﬁ? Vl 1S comonadic
+ C has coproducts = Uy is monadic

Other e.xo.mPles qiving AWFS include:
M (Ad; (%)) " (IPbSq(C)™)™"

Ret ¢ - ILens 2 ’&L(Ca.{)

° \/1 1S comonadic A Lenses are

retrofunctors with coa.l.se.bra.ic. structure.

y Ui s monadic A l.en.SeS are the

R- algeloro.s for an AWFS on Cat .



H

SUMMARY & FUTURE WORK 12

CAT,,

Loy
IRe
Alg — |V
ReDBL__ T DBL
ob] I
|8 D ReDBL (Re(-), D)

(A" CAT]

- Constructed the right-connec{ec[.

c.omple{ion "'(ID) of a double cat ID.

* ln several examples, this gives an AWFS -

M (IRet) = Lens

 Can we extend IRc to a left l-acljoin'lz?
* When is U1’|_I1(|D) _’Sq,(Do\ monadic ?

° IS {:here Q nak’c 2-ac|join+ o{'. AhJFS,.;-—-# DBL?



BONUS: WHAT ABOUT COMPANIONS ? 13

A douue Ca‘[egorg ha.s Compa.nions E'F 'For
each horizontal morphism f:A—B there is a

vertical morphism 'F*ZA_'_’B and cells

$ 1
® — o F — e
f*J: v, j:ul idi O i{* + axioms
— . « — .
1 +

I ID is rigk{‘—connec{ed,{hen:

$cl(®o)r L b

O

For ID with companions we have
IK()
U
/ = \{/,
gcl(:Do)C (= )y ? ID
the universal colax globular cone over (=), .

d: ,”"('D) lax double

functor
/ d:\
$q(:D) = ' D

9lol>u|o.r

transformation




