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OVERVIEW & MOTIVATION 01

a|3ebra'\c weak factorisation s-ds’ce.ms
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orjclrtoglonal factorisation systems

|n{ormall3, an AWES on C consists of:

%ompo.’cib'.e comonad L and monad. R on e*
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SPLIT OPFIBRATIONS

A split opfibration is a functor eq,u.fppec{
with a |.i-|:{'.in.3 opera’cion (5pli&in3)

A o Y(a,u) y @’
Fl
B ta = ’[)
such that:
1 t%@u)=u

2. LP(Q') 1-Fa.) — 1a.
3. Y(a,veu)="Y(a v)o'?(a,u)

4. Each lift Pl,u) is opcar{esia.n.

P(a,u) ,
a o}

3! 7
w v_/
Y

Q
{

fa -— b
W, A
fa!

O 2




FREE SPLIT

Tl‘Le, 1cree SP'.H: opwci[;ro.{ion over B on a
functor ::A—B s 3iven l’ﬂ’
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The chosen opcartesian lifts are:




THE AWFS FOR SPLIT OPFIBRATIONS 0 4

FACTORISATION

EVQYH 'FLLVLC{TOV 'Fd.C'l',OfiSQS .IVL{:O Q (c.o‘Free)

leff—adjoin’c-righ’t inverse followed
53 a (free) SPliJc oPFibra.fion.

LiIFTING

Given a commutative squave in Cat
Lart A h 5 C 5p|H:
op'Fibra.{'ion
\\ 'Fl J'S eV
B——D
there is a canonical functor J BR—C

such that j{::h and 3j:k.

E.g.Ta.ke f:{002]—30—1—23.



DELTA LENSES 05

A delta lens is a functor equipped
with a liwcﬁimﬂ operation
Plauw) |

A o} a’
l
B fa = ’l:
such that:
1 t%@u)=u

2. LF(Q') 1%.) — 10.
3. Y(a,veu)=P(a v)oP(a,u)

Two simple e.xa.mples of delta lenses

which are not split opfibrations.
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Q: What is the free delta lens 7



FREE DELTA LENSES (1) 06

The 'Free d.e\:‘:a. lens R'F E'FéB on a 'FU.VLC{Or 'FA_)B has c'.oma.;n wlﬂ.ose:
. objec'ts ave pairs (a EA, u:fa—b ER)

* M.orphisms are Seneva’red bt:j the Fouowhﬂg:

a a a,———a,

chosen |ifts morphisms of A

\‘\ fa fa fa; fu »fa, /
TN R R
b, b, ta; r *fa,

The functor Rf sends these generators to vib,—b, and fw:fa,—fa,, respectively.

\Y4



FREE DELTA LENSES (2) 06

The 'Free d.e\:‘:a. lelﬂ.s R'F E'FéB on a 'FU.VLC{Or 'FA_)B has c'.oma.;n wl’LOSQI
: objec'ts ave pairs (a EA, w.fa—b EB)

- morphisms (a,,us)— (a.,u.) are given by the following two sorts:

W
a, a, a, a, > Q, a,

'Fa1 'Faz fa 'Fa1 fu "'Faz 'Faz

1

A S A ER A

b, > b, b, *fa; e ta; a, b,
The functor Rf sends these to vib,—b, and u,ofwev:fa,— fa,, respectively.

\Y/ \Y/
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FAcTORISATION

1
inﬂ'.'\o.l Ao . ? A

functor \l\ J |_ -
T ——Ef

discrete o J, im:
opfibration B B

where Jf= 2 fa/B

a€f,

o=

LiIFTING

Given a commutative squave in Cat

L'coalgebm A h 5 C

B —

'U‘Lere 1S a co.nonical. Fu.ncjcor J R—C

such that J'F:h and ﬂj:k

delta lens
J'ﬂ W(R-algebra)
D

Q: Ldlch are 'l:ke L-Coalaebraso.



COALGEBRAS ARE “STRUCTURED” LARIs 0 8

A L-coalgebra 1S an acl.\ju.nc{:ion.

q,
€ .
A_T B 4t
{

such that if q(u. :b,—b,) £ 1, there is
a spe.c;{:iecl q’u:bi—ﬁ.ctbi such that:

fau
q’u’ S abtz 1 -FQBi "FQLZ

€ q €
€ ofquequ=u b‘l. Tqu J{ :
b, > b,

u

The cofree L-cOalsebra on 'FA—)B IS

with counit:

L.
fa




HOW TO LIFT AGAINST DELTA LENSES (1) 0 9

hqu

q X L2 >q \ hqx ’hQH
LP(hq,X,ki,‘)v TLP(jx,k?Lu) J"‘P(hq'ﬂ,ktia)
Jjx ——Jy
ju
A——C
(f,q)J/ / J’(S,"P)
B——D a(hqlT) s(h]tls)
qu fqu ’F‘H H‘l"

Rx

1Y
exl Tﬁ:u . 153 kEXJ' Tk?:[u lhEH
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HOW TO LIFT AGAINST DELTA LENSES (2) 0 9

q X %u=1>qg hq x hqy
?(hgx, ke, | Plhqykey
8 .
P o

A——C
(ﬁ@l'///f/z\kmv)
B—/—D

1
qu fqg qux

9(hqx) s(h]tls)

|
€, £ Re,, Re
)lc = >l£ H Ry — & >Ry 3



SUMMARY & FURTHER WORK 10

-We examined two examples of
AWFS on Cat whose R—algebra.s
were split opfibrations & delta lenses.

- We constructed expl.icijchj the

‘Free c\.e.Uca. lens on o 'Fu.n.cjcor.

- We characterised the coo.lgebms
that delta lenses Lift aguins’c

as LARIs with extra structure.

* The AWFS for delta lenses

. { N - I -t
9€VLETO.(.|SQS o Q.Y\.\j nice Cca ESOVj

wi’cla OFS a.no'. '\dempofent Comonacl.

- Can assemble a double ca,fegoq of

categories, functors,and delta lenses.

Check out the preprfn{::
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