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OVERVIEW OF THE TALK 01

(1) Examples of enviched cofunctors

- weiskte.d. co:l:egovie.s , Lawveve metric spaces, algebroids/linear categories.

(2) Def'm'mg enriched cofunctors
‘In a dis‘tribw‘:iVe monoidal CQJCQSOHJ

+ As certain spans of enriched functors in an extensive category

(3) Du.ahjﬂj and COMPG'IT.IBHH'S

° In. wka.‘l: sense ore 'Fu.n.c.{ors & Co‘Fu.nc‘l:ors d.u.a.l.?

« Double ca’cegovies of enriched functors & cofunctors.



WHAT IS A COFUNCTOR?

A cofunctor P:A—+—8 consists of
an object assignment
P obj(-A) — obj('B)

and a liﬂinﬂ ope.ra.{ion.

A a Paw | a

]

B fa—b="Y

which preserves identities & composition.
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COFUNCTORS BETWEEN WEIGHTED CATEGORIES [03

A weighted category is a cateqory
enriched in weighted sets.
+ Each morphism has a weight
jul € [0, w0] «
+ T he Followina axioms hold:
1./ =0
identities have weight O
luevl < lul + Iv

+rio.n.3|e 'mcq,ua.l.ijctl

A weighted functor § satisfies
[ f)| < [ul.
A weighted cofunctor ¥ satisfies

v*@.u)| < [|ul,

Introduced 55 Perrone (2021) to
capture the notion of [i'fﬂng

'l:ra.nspor'l: pla.ns between proba.bilifg
measures on standard Borel spaces

while preserving their cost.




COFUNCTORS BETWEEN LAWVERE METRIC SPACES

0 4

A Lawvere metric space 1s a cafegorﬂ Functors ~ 1-Lipschitz functions

enriched in ([0,%] >) under addition. d(x,y) > d(fx, fy)
* For each pair of objects, a distance Cofunctors ~» weak submetries
d(x,y) €[o,0] d(x,y) » infldled | ze ¥yl
+ T he Followma axioms hold: J
dlx,x)=0 (~-_: _.../\~ _-j
reflexivity Ly \ /
d(x,y) + d(y,z) > d(x,2) e —-q;—~ ~ v

+r|o.ng|e meq,ua.l.t{ﬂ < Y

- — —”




COFUNCTORS BETWEEN LINEAR CATEGORIES 0+

A linear ca{:egorg (or a.lgel:rold) 1S a A linear cofunctor Y: A4+ B

Ca’tesorg enviched in vector spaces. chooses a 'Faw\ﬂs of lifts indexed
+For each pair of objects , the hom-set by a finite subset of the fibre:

has a vector space structure:
A(a,a') € Vec,

. Compos'\{ior\ 1s bilinear:

Ala,a’) x Alaa) = A(a,a")

A linear cq{:egovg with a sins‘e objec:l:

1S an a\sebra ovev a field R.



WHAT IS AN ENRICHED COFUNCTOR? 05

respects identities

Let V bea distributive monoidal cat. <

[ — 2 B(da, da)

An enriched cofunctor &: A——73 | [pe

A(a,a) —— > A(a,z)

consists of an object assignment

B(Pa,b) @ B(b, V) ——=2 5 B(Pa, )
§: obj(A)— obj(B) and o family (L)oo
8.,:B(Fak) — L Ala) G
x€&X Zid@@r‘b/i

’Z;(A(a,, )@ (2 Al.y))

yey

of morphisms in 'V, where X= 87{bY,
SLI.Cln. Huﬁ: ’che {.ouow\ng A,'lagrams
C.ommu."le.. \

resped:s composi'l'lon.



ENRICHED FUNCTORS VS. ENRICHED COFUNCTORS

O 6

objec’c assignment morphism assignment
functer F: obj (A) — obj (B) [F.):2 Afa,x) B(Fa,b
E . a,x) ——
F:A—3B . > e FIR ' a,b)
cofunctor

$ :obj(A) — obj(B) ..:B(3a,b) — X Afa,x)

x€ $'{bY

$:A—+3B




ENRICHED COFUNCTORS AS SPANS 07

An enriched functor F:A—B is: Proposi’tioru I Vis extensive,

. _ then enriched cofunctors are
. b.ljeC'l'.IV2~on-Obj2C'l'.S f

F: obj (A) — obj (B)

is nvertible.

equivalent to spans of enriched

functors of the form:

1 C elevator
.0.0.

. an elevator® if \'y <
[E,xd;e%“./\(a,x) — B(Fa,b) A 2

is nvertible.




COMPATIBLE SQUARES & ENRICHED LENSES [0t

A square of enviched functors & cofunctors An enriched lens (F.8):A=T is

A N C a compatible square of the form:
1 1¥ A—E—
B G )D § i i 13
is called compatible if GEa=¥Fa and B 1 ’B
Gga
B@a,'o) = >D("}{|‘-‘Q’C\)§ We have that:
é l J,Y 3 Z .A q x
e Fa.,Gb ab / xe¥'y \lja
> A(Q,X) ) C(Fa,g) B@a,'o) - » B §a N

x € $'fby [‘l Fx© Fa. ,x] ye¥'fau}



ENRICHED NATURAL

An enriched natural transformation
£

A > C
I RN 1¥
B >D

G

consists of a family of morphisms in V

T—=—> C(Fa,)

- xeX

where X="Y"'{G8a}, such that the

Fouowins d.iasram commutes.

TRANSFORMATIONS

0 1

/ encoclzs na‘l'u\(al\.{j

> €(Fa,z) ® D(¥x, Gb)
zeX

Sid otcwm‘Gbl
Z C(Fa,z) ® ( Z C(x, Z))
zeX 2€Z

(Fa,z) ® C(z,2) ———— Z C(Fa,z) $=——— Z Z C(Fa, Fy) ® C(Fy, 2)
€z

Z[/JF(L,I‘Z] P

Z[/JF(l,Fy(:] 22 yEY

X = v Y{Gda)} Y =o' {b} 7 = w{Gb}

These ‘Fovm ce.l.l.s ;n Q dou[;le.

cat egory V-Cof.




ENRICHED NATURAL TRANSFORMATIONS

a

$(a,u)

)

Ya

Fp 2l

) »Fo

'r,,l
C
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SUMMARY & FUTURE WORK 11

e Enriched cofunctors can be defined

over distributive monoidal ca’cesovies.

e EXC\.MpleS inClu.J.Q. we'\sk'lzecl cofu.m.’cors

and weak submetries.

* There is a double category V- Cof

o'f enricked, 'Fu.nc,":ovs and. cofu.nc‘l'.ovs.

- |f VU is extensive , then enriched

Co'S’uvlc.":orS ~ cer'lza.in, Spcms.

¢ Show how enriched cofunctors

arise as monad retromorphisms

in the double ca{:esorg V-IMat.

. De\leLop a hew pevspec:l:'lve on

labelled transition systems and

bisimulation via 1uan{:ale. enrichment.

: |nves’ciga{e poss]laili‘cg of an

enriched cofunctor cat. 'V-Ca.’c#(A,B).



