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OVERVIEW OF THE TALK

1. Motivation for lenses
2. Lenses between sets

3.Lenses between preordeved sets
& investigate their properties:
= How to compose & decompose
— How to take intersections & glve

—How to construct free lenses

4. Lenses between enriched structures

Example from model-driven engineering:

A - B
p1: Project R
pid= PME Delta Ay
i elta - -
LO: p1: Prolect o= q1 PrOJect q1: Project
w1:workforcel tg; pj] g'dd‘* at. 1 » = PME
i t =
e1: Engineer e2: Engineer p’l.budge q udge budget= 200
name= Ben name= Bill
salary= 100 salary= 100

A" Delta Agg.
LO: p1:Project — p2:Project ||:81 q1 1F’r0(jject - q2 Project
L1: e1:Engineer — e3:Engineer ql.pid — <
L2: e2:Engineer — e4:Engineer <IL02: q1 BUdQEt q2 budget

A B
p2: Project
pid= PME w4:workforce
q2: Project
-workf _J Delta Ap g -
s orcel LO: p2: PrOJect - q2 Project gldd= PMESO
e3: Engineer e4: Engine LO1: p2. udget=
< 9' = LO2: p2. Budget - q2 budget
name= Ben name= Bill
salary=75 salary=75

Diskin, Eramo, Pierantonio, and

Czarnecki (2016).



MOTIVATION

System A Summar y:

* This is a simple

State State

v

model of a sgs-l-e.m

e We wouu “he,

jC l J/)C control over

which upcla“'e S

State State are permitted
fa b= fo) ¢ |dea:Replace sets

with preoréers!

System B



LENSES BETWEEN SETS

A lens (£,p): A— B consists of a

pair of functions, A ) ) )
f:A—B p:AxB—A G'.p)l ) ) )

which satisfy the axioms:

(1) fpla,b)=b B . . .

(2) pla,fa)=a

3) plpla,b),b')= P(O.,b’) |ssues with lenses between sets:

*Not always a realistic model

Example: (£,p):R*—R st.

flx.y) = y 2,y 2)= (,2) = 0n15 exa.m.ples are Procl.uC'I: pttojec’cious
. Ma‘lhema{ncaug poor properties



LENSES BETWEEN PREORDERED SETS

A preordered set (A,€)is a set A
equipped with a relation < which

satisfies the axioms:
(Reflexivity)
(Transitivity)

x <X
if x<y and ysz,

then x<£2

A function F:A—B between

preordered sets is order preservingif

x €Y implies fx<4fy.

A lens (£,p): (A,£) — (B,<) consists
of an order-preserving function

f:A—B and a partial function,

fasb — a<p(a,b)

which satisfy the axioms:

(1) fpla,b)=0b

(2) pla,fa)=a

3) plp(a,b),b')=p(a,b)
for all fa<bsg?



BASIC EXAMPLES

Addition is an order-preserving function.:

+: R*— R

(3,y) — x+y

Three possible lens structures include:

<z — (2-y,y)

xtysz — (x,%-X)

x+y £ 2 l—)(iﬂ;.-!_i’ 24Y-x )
2

Every lens between sets is an exaneple

undev the relation x £y for all (x,g).

Represent a preordered. set by a graph:

A \;l

=

B ° 6 —m3) o —) o
~———

A lens [i¥ts an arrow in the
{argef graph B to an arvow in
the Souvce grapk A.



HOW TO COMPOSE, SEQUENTIALLY ?

A |a —— pla,q9Hab)

('rl P)

EXample.'. The c.omPosi-|'e of

(o ,e.)J
C

and associative.

] é: ; —
B 'FCL_’ CL(‘FO-.b) (¢.p) ] (2.4) ]
® —— e Y o d
Q'FO. ' b i1s the lens:
4
Composition of lenses is unital
(£.0); (9.9) |
° > 0_ d) o




HOW TO DECOMPOSE, SEQUENTIALLY ?

Everg function decomposes into
a Surjo.c.{ion. followed by an

injection .

A lens is a (epi /mono) if its
u.n.d.e.rl.ﬂ'mg -Funcfion s a

(sur:\e ction | in)ecfiov\.).

Ever!j lens decomposes into an
epr followed by a mono — this is

o. foctorisation Scdshm. on lenses.

\l

Oﬁ.é.

epi —

mono —2—




PRODUCTS & COPRODUCTS

There are at least two ways of

combining lenses in parallel.

Consider the fsllowing two

Simple exa.mpl.e.s P

(o}

J

X — y b
¥ la
x — y 2

coproduet

monoidal
prodvct

o

l

X — y b
Jfeég
x—)g 2

(x,0) — (4,2)

l ~ |
(x,6) — (gob)
lfeg

(*lt) — (glz)




PULLBACKS

Pullbacks of lenses are akin to taking an intersection , or taking

a procl.uc.'!: over some “base" Preorder.

pull\mck ovr intersection

—1

. / e = O
//H e AN
9 ) g 2 —y (@ ens .
\ 1 /

¢ —) o —> o




GLUING ALONG MONOS

Given a pair of monic lenses with common source, we can “glue”

their target preovderved sets together — this is called a pushout.

0 ) @

4 N

new
lens

,], .(\/, .l, Poslnou'\'

0 (———y o




LENSES FROM MULTI-VALUED FUNCTIONS

Given o preordered set B, how may we systematically construct a

lens whose target is B ? Usin,g split multi-valued functions!

F(x) —+— F(y) —— F?)

{ i ®
\") ° a/
\.’\:

~

“/a°~\~).

]

IF




CONSTRUCTING FREE LENSES

Su.PPose we have an order-presevving function f:(A,<)—(B,<); can

we freely construct a lens using this data?

b L - TF is the free lens induced by F.
—_— A~ l - The number of lens structures on
a. C a —C f equals the number of left
l l "L-F inverses to e ("’ C°Vl°|if;°"$)'
£ - Factovisotion f=Tfom,.
fas y ‘Fbslj o ¢
T — | T 21| T¢
fasx  fesy ® — @ x —4d

AN /




COMPARING LENSES

Suppose we have a pair of lenses,
how might we compare them ,or

transform one inte the other?
A—-B

(f.p\l l(s.‘b)

C——D
Take a pair of ovder-preserving

functions such that kef=q:h
and hpla,b)= c]'(ha.,kb) .

—1

(4-'.?)1

—_

R

—

the lens structure.

J‘(sﬂ')

[} —

—) @

Here (h k) includes a simple system into

a. more complex one while preserving




ENRICHMENT

A preordered set (A,€) is a set A Exo.mple:/-\ sgs’cem. has a cost

such that each pair x,y€A is associated to each transistion
assigned a truth value: between states.
-F <
() l—){T it xgy a .
1 otherwise - 27 |30
. 35,
What if we had a set of proofs instead? _ i —
, Weighted lens 20
structure enrichment
ber | A is o truthvabie | SIS el l (£,p)
preovder A(x,4) is a truth value c(o..p(a,b»= ¢(fa b) /P

category A(x,g\ is a set

.L).zao.
\_/

12

metric space  A(x,y) isa real number




SUMMARY & FURTHER DIRECTIONS

*Lenses between preordered sets * Can we compute all lenses
provide a versatile mathematical between a fixed pair of preorders?

model for update synchronisation.
*How may these constructions

* Constructions involving lenses are be implemented in applications
developed with universal properties such. as model-driven engineeving’

ing tools f tegory theory.
using tools trom category theory +How can the study of lenses

 Framework for lenges naturally inform our understanding of
extends to cover move complex other structures in category theory?

models via notion of enrichment,



