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01 MOTIVATION: A.W.F.S.

. Algebro.ic weak factorisation s5stems (AWES) are a Senera.l.isa:l:ion of

orthogonal factorisation systems.

- John Bourke and Richard Garner determined a characterisation of

AWFS in terms of double categories with certain properties.
» This talk focuses on one of these properties: righ{—connecfeclness.

* General motivation: when can algebraic structure on a morphism

be considered as a movphism in its own right?
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- Lenses are functors e.cluippe.cl with

algebraic structure , and they are
the right class of an AWFS.

* Many properties of lenses can be
understood from studying the
double cateqory ILens whose:
—objects are categories;

— horizontal morphisms are functors;
—vertical movphisms are lenses;

- cells are "C,oMpaJ:ible squares '

MOTIVATION: LENSES

e The a.lge.bmic. structure on

a functor which determines a

l.en.s is Qa co‘fu.n.c.'l:or.

- The double c.a.{:e.sovg Lens is the

l‘-lak':—connec.{:ed. COMP[Q{.IOYL Of
the double cateqory Cof, and

is the primary mo'l:]va:(:'mg e.xample.

Lens
« ~~

Co$ §4(Cat)



03 DEFINITION

- A double ca.'l:egorg 1S a (pseudo)

Ca.{:egorg objec‘l: in CAT.
dom

— comp
®o i 'd'_)”Di 1)1)‘0:'131
cod

* A double category ID is called
right-connected if its identity
map is right adjoint to its

codomain map.

0 i’:’@

*Equivalently, if for every vertical
morphism §:A +B there is a

unique cell
A—2-B

§ i Ps ile
B B

such that for every cell o :

ALy A—sp Ly
o= s b fo
B—vX B—— Bka
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*For any cateqory C, the double
category of squares $q,(e)

* For any 2-cateqory K, the double
caie.gova ILali (K) of objects,
1-cells,and lalis (left-adjoint

left-inverse movPh'\smsS.

W

A—2—C
Tele o)
B D

k

EXAMPLES

« The double ca{esorg @.(K) of

q,u.in":e‘l:s 1S 'l:gpic.a.llvd NOT riﬂk{-

connected : no universal property.

« The double ca.'l:esovg £0pf of

categories, functors, split
opfibrations, and commuting

Squares which preserve chosen Lifts.

1§ ID is right-connected, then its

dual ID™ is left-connected .



0§ A USEFUL UNIT

-Let RcDbl be the ca.’(e.gonj of :
- righ'l:-connec’cecl double cats

— unitary double functors

* There is an adjunction

. (_)o

Cate L

$q.(-)

ReDbl

with trivial counit and wnit

given by:

D—= §4(0.)
A—B A—>B

oabif

C -0 C =0

* An AWFS is a right-connected

double category such that
Dj__) Sq,(DO)
13 s’cric’cltj monadic (2 faithful).
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The right-connected completion

" (ID) of a double cateqory ID has:

= objects & horizontal morphisms
the same as ID;

—vertical morphisms (f,,§’):A+B

given by cells in ID:

A—-B
fi X J:ls
B=B

THE RIGHT-CONNECTED COMPLETION

- cells <h,0,RY:(§,x,§') — (q,R,q")
given by cells 6 in ID such that:

) h )
f‘-BktD g9

fi « i i, ii»:fi o

B=—B8——D -

—vertical composuhou is given 53:
‘B g 5C

T

=B :E

131 6 Ji

c==cC

3

nt—\—m



07 THE UNIVERSAL PROPERTY

» Let Dbl,,;4 be the ca.’(e.gonj of :

- double categories

- uni{:a.nj double functors

* There is an adjunction

I"(-)

RCDEL( T

N Dbluni'l:

with trivial unit and counit

qiven 55:

P(D) —== D
AR AR

6es) § O i‘”"‘)"’ i} o }[

C 0 C=D
The universal property states:
:.los::;t;ctccl. “-' (ID )

|
\

C F:>ID




08 PROPERTIES

|f ID is o flat double category, then IM(ID) is flat.

* A horizontal morphism has a companion in M'(ID) if and only if

it has a companion in ID.

*If ID is horizontally invariant, then so is I'(ID). Under this assumption,
a horizontal morphism hasa conjoint in IN(D) ifand enly if

it 15 invertible.

|1f ID s a u.n.i{-pure (id is fully faithful) double cq:tegonj with tabulaters
(id has a right adjoint) , then II'(ID) is unit-pure with tabulaters.



04 EXAMPLES OF mM(ID)

+ If ID is right-connected , then IM'(ID)= ID.

-1f D= $q(C)v, then IM(ID)= $Epi,
the double cat of split epimorphisms:

A#C fop =1,

?T 1; XTJ«S 3°¥=1p
B—R’D

|f ID=Cof ,then IM'(D)=ILens,the

double category of categories, functors,

and delta lenses.

*1¥ ID=IPushout (C) , then

vertical moka'lsmS in IP(ID)

are epimorphisms.

. H: ID: $Pq,n,Vh ) {:he.n "-. ('D)Vh

is SMult, the double cat of sets,

functions,and split multi-valued

functions.

- If ID=QA(XK), then vertical

morphisms in I'(ID) are 2-cells.



10 LINK WITH COMPANIONS

- A double ca.’ce.ﬂorg ID is equipped
with a functorial choice of

companions if there is a strict

horizonia.llg trivial double functor:

(‘),," $q(®o)_’|D
*1£ID is also right-connected, then

there is an adjunction:

M

§0)_ L D
(-)x

‘The right -connected completion is

equipped with a functorial cheice
of companions if ID is:
(')*/ /a“-'(,D)
// \L 8,,
$%(®0)T)*) ID

e Under these conditions we have:

é, \8"0 globu.,.a.r
$Cl'(®o) (-)y ? lD

n It (1I0)




11 A BETTER UNIVERSAL PROPERTY

- Given a globular transformation

between lax double functors

$q'(®o) (_)* E ID

there exists a unique lax double

functor F: € —IN(ID) such that:

"P|DF=’\V hlll"(ll))':= Fs E,DF=F2
II'(ID) is the universal globular

colax cone over (-),.

* Given transformations,
Gﬂ. o ¢

AN

$q,(®o) (_)* ? |D

c. ¢ e, 5
LA )
$“l,(®°) (_)* )ID

there is a un'ulue §:FDC st. :
"Llr'(ub)‘g = €pd = £




Let IP'(UD) =M (D)™ be the
left-connected completion of ID.

* For ID=8pan, we have the universal

globu.l.a.r Lax cone:
I"($pan)

7 =N\

$%(Se{) =N g $pa.n

‘Let SMult =11 ($pan) denote the

double cat. of sPli’: multi-valued functions.

12] APPLICATION: GROTHENDIECK FOR LENSES

s Thereis a correspodance

VB

‘%\—;\A

$q'(Se{:) Span
where I is globular, f is a

discrete epfibration and ¥ is id.on.obj.

* The Grothendieck construction
for lenses is the risk‘\:-'to-leﬂ
direction of the equivalence:

Len.se ~ [WB,$Mult]

lax



13 A PAIR OF FORGETFUL FUNCTORS

D | < [IFD)] X2 [&(D.)
D, —=—Tb),—%— $4(D.)

T T
Joml id lc.od dom id |—‘|'c.od Joml id |—\[c.od
| J | |
j)o ®o j)o

*Under what conditions does L have a right adjoint or does
U have a left adjoint ? When are they (co)monadic?




14 CONDITIONS FOR A RIGHT ADJOINT

Given a double category ID, suppose that:
(%) For each object A €D, the fibre cod™'{A} of the functor cod:Ds—Ds

admits procl.u.c.'l:s with 1,:A—+—A.

T heorem:If (¥) holds, then I: '(D);—7D, has a right adjoint.
Proof idea: Construct a functor R: Dy —T (D), as follows:

AP, —>B A=—A—"—B
'fi — 'fi counit i R{: {15 ‘fi fi =4 J:ia
—B —B B=—=B—=RB

1. Take the product. 2.Apply universal property for unit.




Given a double category ID,suppose:
(1) The domain map has a {ar :

dom
_

D, T D,
Z

(2) The codomain map isan opfibration.

Theorem: ¥ (1) and (2) hold , then

U:M(p), — Sq(l)o) has a left u.djoin'l‘.

Proof idea: Construct a functor

¥: Sq (D) — (D), as follows:

1§ CONDITIONS FOR A LEFT ADJOINT

1. Take the transpose:
A—taB

:I: (‘fiis)t iiB

ZA—B
2.Compute the opca.rfesian. Lift:

$
m

A L) o ..'u;F_;_.) B

bouse | oFs e
ZA—B —0B



16

FREE & COFREE GENERALISED LENSES

Let Cof = Span(Cat, W, M) for W={b.c.o. functors} and M={d.opfibrations}.

b.o.o.

d. opt

codiscrete cat.

A—B, =B
i) ] |l
X—B =8B
i Il |l
B=—B =B

I pullback ovev tevminel
A=A, B—B
) H . | cofree
X =X)_,B ens
! |
B —BR —

A——B

) |l

A—B

|l |

A—B
T

§
—

A= B ¢,
] ST X | lens
A,—> ¢ — B
| ofs J I
Ao_’ B —_— B



17 FREE & COFREE LENSES (AGAIN)

J iscrete

VB— $q,(5e":) VB— $q,(8e{) \VB — $q($e‘|:)

3 l {J, 9lobular l(_,* H {J, 9lobular l(_,* I l {J, glebular l(_)*
VB Spen  VB——8pen  WB— Spen
cofunctor Lens functor
Cofree lens by composition : Free lens by Left Kan Lift:
22 8qSet) abMult
\VB U |en 0 L&

$P°’"’ \VB _’ $pa.n
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FREE & COFREE SPLIT EPIMORPHISMS

ID Mir(o
6a (0 | == [SEni(0)] —= [ $q(C)
A——C A——C A—+—C
e Ts o] |5 5| [s — f| E
B——D B——D B——D

A

T m,ﬁ l"s ol [0 ey 5|

B



r(D),—=—D,

. Comona.d.'tc.i":tj is easy!

I ID satisfies condition (x),which
involves products, then & has a

r'\sk'l: a.J.join:l: and is comonadic.

A —_— A _\,B Take span
Q.ml appllj

*i lp $f o oo el
—B—-B

Pr oduct

14q (CO)MONADICITY

(D), —Y— Sq (D)

. Moaadic;{:tj is havd.

* Can be proven ad hoc for particular

examples such as ID=Cof and
DE Sq’(e)v.

Open q,u.es{:ion'- What are necessary
or sufficient conditions for U to

be monadic?




20 SUMMARY & FUTURE WORK

. Introduced the right -connected : Determine more examples of AWFS

completion of a double ca.'l:esorg. arising from right-connected comp.

«For ID eclu'npped with functorial e Find conditions on ID for Momdfc;{y.

cheice of companions, I"(ID) has
*|s every double cat € associated to

to an AWFS a double subcategory

‘Investigated conditions for of some (D) for DFLC ?
adjoints to forgetful functors.

Z'dimensional u.r\'n\lersd Prope(f&.

+ Explain ceincidence that vertical
* Applied to the theory of lenses. morphism in I (Cof) s equivalent
to lax double functor WB—I"(Span).




