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A delta lens is:

e A funcltor with additional structure
- A compa:lible functor & cofunctor
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3.1 Definition [Lenses]: A lens | comprises a partial
function [ 7 from U to U, called the get function of I, and
a partial function I\, from U x U to U, called the putback
function.

3.2 Definition [Well-behaved lenses|: Let | be a lens
and let C and A be subsets of . We say that [ is a well
behaved lens from C to A, written | € C = A, iff it maps
arguments in C' to results in A and vice versa

L(C) C A (GE)
IN(AXC)CC (Pur)

and its get and putback functions obey the following laws:

l\(l/c7 C);C
I/ (IN\(a,c)) Ea

We call C the source and A the target in C = A.

forall ce C
for all (a,c) € AxC

(GETPUT)
(PuTrGET)
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A state-based lens A=B is a
pair of functions,

f:A—B p:A-B—A
satisfying the axioms:
1. 'Fp(a.,b) =
2. p(a,fal=a
3. p(pla,b),b) = p(a,b)

A a———pl,b)

[ :

B fa——b
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Definition 4 (delta lens). A delta lens is a tuple [ = (A, B, get, put), in which A and
B are model spaces (i.e., connected categories) called the source and the target of
the lens, get: A — B is a graph morphism providing B-views of A-models and their
deltas, and put: By xAy — A; is a function translating view deltas back to the source
so that laws Putinc; and Putincs in Fig. 9 are respected.

A delta lens is called well-behaved (we will write wb) if it also satisfies Getld, Putld
and PutGet laws. Particularly, Getld means that get is a semi-functor.

A wb delta lens is called very well-behaved if it satisfies GetGet and PutPut laws.
Particularly, GetGet makes get a functor.

We will write [: A 2 B for a delta lens with source A and target B, and denote
the functions by get! and put'. We will often write d-lens for delta lens.

Equational laws -

(Getlnc) Ox(a.get;) = (0ka).gety, X =s,t

(Putlncy)  put(b, A) is defined iff A.get, = ;b

(Putlncg)  O.put(b,A)=A

(Getld) ida.get, =idp with B of A.get,

(Putld)  ids = put(idp, A) with B A.get,

(PutGet)  (put(b, A)).get; =b (3)
etGet a;a’).get; = (a.gety); (a’.get

(GetGet) (a;0’).get; = (a.gety); (o’ .get;)

(PutPut)  put(b;¥’, A) = put(b, A); put(b’, A’)

with A’ < .put (b, A)
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A delta lens (£,9):A=B consists of
a functor f:A —B together with
o lif‘l:in.g operation,

A a P(a,u) Q!

(m)] [ :

B fa — b

satisfying the axioms:
1. f¥(a,u)=u

2. P(a,15)=1a

3. Pla,veu)=P(a,v)e P(a,u)



- State-based lens ~ delta lens

between codiscrete categories.

- Split opfibration ~ delta lens

such that P(a,u) are opcartesian.

- Discrete opfibration =~ delta lens
such that P(a,u) are unigue.

. SpiH: epimorphism of monods
with o chosen section ~

delta lens between monoids.
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A cofunctor (£,9):A =B consists
of a function f: Ob](AX—’Obj ()
together with a lifting operation,

A a 4 (‘o u) Q.’

satisfying the axioms:

1. fcod(®(a )= cod (u) *
2. Y(a,15)=1a

3. P(a,veu)=P(a',v)e P(a,u)

(«<X

Ahman & Uustalw: A delta lens
(‘F.‘l’)'- A=B is eclu'wo.len{ to a
functor F:A—B and a cofunctor

(£49): A= B such that f? (a,u) = u.

Motto: A delta lens is a

compatible functor and

cofunctor Pair .




A square of functors and cofunctors,
A——C
(£.) i i (3,%)
B——D
is compatible if:
(1) Forall aeA, gha = kfa
(2) For all (a€A,u:fa—beB) |
h¥(a,u) = ¥(ha ku)
Let Cof denote the category of

cofunctors and compatible squares.
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Let Cof be the double category
whose:

* objects are categories

+ horizontal morphisms are functors

« vertical morphisms are cofunctors

- cells ave compatible squares

A delta Lensis a cell in Cof:
.\ B B

(*F.\I’)i i ig
B - B



The right-connected completion
M(ID) is a double category whose:
- objects and hori. morphisms are
those of ID.
- vertical morphisms (f,x.f') are
cells in D:
A——B

#‘i 4 iia
B B

. cells © ave those of ID such thet:

A—Lsc-33p A—-g +*sp
1 6t B to = % « § 1t
B D =—=D B 8 D
R R
ine)

L

RCDbL ¢ T Dbl

Canonical double functors:

ID «—II'(ID) — §4 (O,

A A A
o fen o
B B B



Let lLens be the double cat. whese:
. objec'ts are ca“:egovies
« horizontal morphisms are functors

« vertical morphisms are delta lenses

- cells ave given by:
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Theorem: lLens ~ I['(Cof)

A delta lens is a vertical
Morphism in the riak'l:-COnnec.fed

completion of Cof.

Canonical double functors:

Cof «——ILens é&L(Ca.’c)
A A A

{[(r.m ”(:m lF

B B B



A tabulator isa certain

d.ouble-ca.‘tegorica.l Limit.
TF— A
1 i g J:#
Tf—B

The double cateqory Cof has:

-tabulators
- Horo (€of) =Cat has pullbacks

. Fu.ll\j faithful pseuelo double fun.

Cof —— Span (Cat)
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A cofunctor (f9):A—— B ~
span of functors:
Act—A—ip
a --- aQa : fa
tv(a.u)l l(q,u) lu
a' -- - a --- b
A delta lens (Ffv):A=8

b.o.o.I’ /\ _
7N

d.opf
B
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The cléc.o.lage construclion is a

comonad (D,g,8) on Cat given blj:

DA = ZA/Q

a€A

Given a leng (5.%): A =8 construct:

Dform,

—

/\x.DA%»DAL»DB

W Tl e e

N—"A——

¥
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A lens (£,%) is a split opfibration
iff Dfem, isa discrete opfibration.

LP(“) u-) "

DA a )

Df

DB

\ /’
LW 3t

a’

h 4

fa u' > b
n\{ /o



A GROTHENDIECK CONSTRUCTION FOR LENSES [i1

The classical Grothendieck

construction is an equivalence:
SOpf(B) = [B,Cat]

A special case is given by:
DOpf(B) = [B,Set]

For a.rbi{'ra.rg functors we have:

Cat/B == [B,$panl,,

Let dens(®) be the fibre over B of
the codomain map cod: fens— Cat

of the double category ILens.

Let $/Mult be the double

category of sets, functions,

and split multi-valued functions.
b
A _X—B

There are double functors:

Bpan e—— SMult T 8q(Set)

Theorem : Lens(B) =~ [8,5Muli]

lax




o¢
=T Solp = 1
a Qa
A ¥ Q4 o b \'“
Pu

/ S

| L=
é b —% | b w S

For cach u:b—b’ in B, there is a split multi-valued function
between the fibres. We have ¥, (a)=x and ¥, (a,)=4.




£ IDis eqvu.ippecl with a functorial

choice of companions, there is a

S'|: r c,": double 'func.'tor :

$q (Do) —=2 ID

The left -connected completion
is a universal lax (globular) cone
over this double functor:

" I"(1D) A
-
$q'(Do) Oon 3 lD
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lax dovble functors B F_7 “—\’( ID)

glebulav e B £
/=N

$CL(DQ) T 1D

¥ D= $pan, then SMult=I"(ID)

and lenses into B correspond to:

F, E? F,
V- RN

$q'(32-{) (=), ? $Pan

‘|'r¢ms{:ormq{';oas'




MORE DOUBLE-CATECGORICAL PROPERTIES [1+

- Codomain map cod: Lens — Cat

is a bifibration = change of base

__Z3
dens(B) +, Lens (C)
)

- Lens — Cof s comonadic
“lenses are coalgebras for a
comonad on cofunctors”

+ Lens — Sq(Cat) is monadic;

"lenses are algebras for a

monad on functors"

ILens =~ IT'(IMnd,t (Span)
"lenses are monad morphisms ™
- Gpan(€) —internal lenses
= [Mat V) - enviched lenses

* An algebraic weak factorisation

system with R-"-\‘g = Lens

. Companiov\s in lLens are d.opfs.

slLens 1s ngmc{'ric monoidal .

* Can complete lenses to s.opf.

SOpf(RBYc_L . fens(B)



