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MOTIVATION
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This paper makes mathematically precise the idea that conditional proba-
bilities are analogous to path liftings in geometry.

The idea of lifting is modelled in terms of the category-theoretic concept of
a lens, which can be interpreted as a consistent choice of arrow liftings. The
category we study is the one of probability measures over a given standard
Borel space, with morphisms given by the couplings, or transport plans.

The geometrical picture is even more apparent once we equip the arrows
of the category with weights, which one can interpret as “lengths” or
forming a so-called weighted category, which unifies several concepts of
gory theory and metric geometry. Indeed, we show that the weighted version
of a lens is tightly connected to the notion of submetry in geometry.

Every weighted category gives rise to a pseudo-quasimetric space via opti-
mization over the arrows. In particular, es can be obtained
from the weighted categories of probability measures and their couplings,
with the weight of a coupling given by its cost. In this case, conditionals al-
low one to form weighted lenses, which one can interpret as “lifting transport

plans, while preserving their cost”.

*Nov 2018 - Generalise lenses to
the internal category setting.

+ 202] - Mathew di Meglio and I
develop enriched lenses, but

lack compelling examples.

- Earlier this month, Perrone
posts a paper introducing
lenses between weighted

ca.'(:e.gor'xe.s .



OVERVIEW OF THE TALK

1 Bachﬂround

2. Defin{ng enviched lenses

3. Ueigh{ecl lenses

Warning: Notation may be globally inconsistent




DOUBLE CATEGORIES & COMPANIONS

A double category D consists of:
- objects A,B,C, ...
- horizontal (tight) morphisms
-vertical (loose) movphisms
- cells

At g

g o5 e

C—

where vertical composi'[‘fon 3

associative up to isomorphism.

A horizontal arrow f: A—B has

a companion f,:A——B if there

are binding cells,

A A A——B
| = o S|
A——B B=——=8B
such that

x|B=1, = =1,



PARE'S RETROCELLS

« A retrocell in ID is a cell of the form:

A=——A
A;’B J,i iu.
) & b B S C
C——D SO &

D_

-Like ordinary cells, retrocells can be composed vertically and

kor'tzon.‘l:a.ll% .

- If ID has all companions, we can construct a double category D



CELLS VS. RETROCELLS

In a double category ID with companions:

A——B8 A——B

cells § § retrocells
A=A  y—
b, ke o4, I
C = B B = C
g} i
D=—=D D=—=0D



DISTRIBUTIVE MONOIDAL CATEGORIES

*A monoidal cateqory is a category C equipped with functors,

® . C x C —(C T — C
tensor wnit
product

and natural isomorphisms with components,
(XoY) @ Z > Xo(YeZ) TITeX——X<— Xol
which satisfy the triangle and pentagon identities.

* A monaidal category is distributive if it has coproducts such that:

X®(5Y) =5 (xaY) (£X)8Y ZT(XaY)

1



WEIGHTED SETS

- Consider the set E0,°°] as a ca.'l:e.gorg with morphisms )\>/}.¢..
*Has several moncidal structures, including *+: [0,%)x [0,0] — [0, ],

- The co.’cegonj of weighted sets is defined by wSet:=Fam([b.+).
LY XxY — oo 1

X
1| l \ 2/' l-l+|\. /_ 10
CR [0,%] [0,%] [0,%]

obj ects morph.isms tensor product + v t
| £ < I3¢)

* The co:legorg wSet has coproducts XUY——(o,x] by construction

and is a distributive monoidal cq'['escrﬁ with vespect to addition.



THE DOUBLE CATEGORY OF MATRICES

Civen a distributive monoidal categery (V,®,1),there is a double category
V-IMat wheose:
- objects are sets and horizontal morphisms are functions;

- vertical morphisms M: A——>B are functors M: AxB—V,

.- cells g'wen. btj natural transformations:

e~ fxg Uo( '\/
/

BxD "



THE DOUBLE CATEGORY OF MATRICES

- Vertical identity morphisms are:
d
AxA—— 1/
{I if x=y

x,y)j— &, =
( H) - O if xzy

* Vertical composition of M:A——B
with N:B —C is given by:

AxC —V
(a,c) ——> M(a,b) ® N (b,c)

bég

-A fu.ncinn. f:A—B has Companion:

AxB =1/
(x,y)—§ ={I’$x=9

ey 0. ety
‘Retrocells are given by:
A—tp
M:I: & v
C——D

Koa'N(fa,d) —2_ M(a,c)

ce g"(al)



MONADS 8 ENRICHED CATEGORIES

A vertical monad (A,{',"I,,'&) in ID

consists of a vertical endomorphism

t:A—+A and special cells,

sa.{isfging the wsual axioms.

A vertical monad in V-IMat is

a V-category.

- A set C, of objects;

- A functor C:CoxC, —V
sPec]ﬁJIng hom-objects Clx,y);

- A unit map IL’C(X,)C) for
each x € Co.

* A multiplication map

C(x.4)® C(y,8) = C(x,2)

for each x,y,z € C,.



MONAD MAPS & ENRICHED FUNCTORS

A monad map (£,§): (A ) —>(8,s)
consists of a horizontal arrow

f:A—B and a cell,

satisfying axioms which ensure
Compa‘\'ib'\l'r}j with the unit and

Mulﬂplicaﬂon cells.

A monad map in V-/Mat is an
enriched functor F:C —D.
«A function F:C, —D, .
- A morphism
Frey: Clxy) —D(Fx,Fy)
for each x,y€ C,.

- Satisfying the axioms:

Fx.x°’rl= 'YL

Ec,;° pr—p-o (Fx.g®Fg.%)



MONAD RETRO MAPS

A monad retro ma.p (+,9): (A 1)—(B,s)

consists of a horizontal arrow

‘FA—’B an.cl. o re.'['rocell,

satisfying axioms which ensure
Compa‘\'ilo'\l'r}j with the unit and

Mul’tlplicaﬂor\, cells.

A=——A=—=A

o ot . b
B - B = A

1,i — si: if,

A=A
wonp o> g
A=——A
i %
3——28



MONAD RETRO MAPS

A A A A A A—— A
S S ey

R =»> A=—mA o f{t B_B . ¢

SO S | =+t = |
B=——B » A——A B o = A
{ i {5 o s ! £
B B B B B=——B——B8

M.uHiPUCa’cion law



ENRICHED COFUNCTORS

A monad retro map in V- IMat is

an enriched cofunctor (F, @):C —D.

* A function F : Co—7D, .
- A morphism for each c€ C,
and d € Do called a l.i'F'l:;n.g

operation,

D(Fe d) —=2453 Cle,x)

xeX

where X=F'(d) is the fibre
of F over d.

T —— Cle,<)
"] L
/D(Fc Fc) —)zC(C )c)

c Fe xeX
The unit law states that
applying M. then the lifting
operation is equal to applying
MNe then the coproduct

injection |c.



ENRICHED COFUNCTORS

P, a®1d c x d.,d.’)
D(Fe,d) @D, 414245 C(c, ))fj)(
It muu"up\;ca-l-;m z C(C x ) ®D(Fx ,d.’)
y ) la“; ) - 2 (14 ® % ,a)
Fc,,cl) X=F"'(d !
D( v=F'(d) > Cle,x)® (yzéYC(x,g))
"Pc,d' x€X -
(c.u) ¢ > (3 Cler)®Clxu)
E‘Xwﬁ( 4) — w(xex )



COMPOSING ENRICHED COFUNCTORS

Given enriched cofuncters (F,9): C—D and (G, ¥):D—E , their
composite enriched cofunctor is given by:

- The function GF: Co — €o.
- The |iHim3 opevation :

€ (GFc &)= ¥ D(Fe,x)

x € 6"'(e)
I

> Clr) —— T (T CC )

2€ (GF)(e) x€6'(e) ' ye F'(x)



DOUBLE CATEGORY OF ENRICHED COFUNCTORS

There is a double category
V-Cof:= Mnd. ot (V-IMat) whaese:

. oquc'l's are 'V-cgl'eaories;

* horizontal morphisms are V-functors;

* Ve.rtfcal Morphisms ave 'V-Co‘Fund‘ors

-cells with boundanj,

A——¢

unsi l@x\
B——D

satisfy the axiems:

A——0C,
FJ, la in Set

Bo—D,

B(Fa,b) —= 53 Afa,x)

XEX
K&,Ll l Ha.x

D(GHa,Kb)5— >~ C(Ha,y)

in V, wheve X=F'(b) and
Y=G"(Kb).



ENRICHED LENSES

An enriched lens (F @): A—B is a cell in V-Cof of the form:
E
A—3
(F, %) i H
B—=8
That is, a V-functer F: A—B and a V-cofunctor (F,?0): A—3
such that:

B(Fa,b) LZ A(a,x) F‘—m) B(Fa,b)

W

id
We obtain a double category V-ILens.



ENRICHED CATEGORY OF LIFTS

Let V be an extensive category.

Cliven. a V- c.ofu.nc'l:ov (F,lP)hA—’g,

there is a V-category /\ of Lifts
whose:
- set of objecfs A°= Ao.

. hom—objects are gqiven by:

A(a '_‘l’") Y A (a ) a‘)
1 I

B(F‘a, Fa') —)zﬁ (a,x)

lPﬂ.Fﬁ‘ xex

Call F: A—3B an enriched
discrete opfibration if the morphism

> Ala.x)——B(Fa,b)

%€ X
is invertible for all aé.Ao, beB..

Thm: A V'Co":unc{‘or (Fa‘P)’A_"B

)s equivalent to a span in V-Cat :
iden";'}\j-on- enriched
ob:‘Qc‘\'S \,& '/\'

discret
S/ \/ opFibration
A B



ENRICHMENT IN WEIGHTED SETS

A weightecl cateqory is a category enriched in wSet. In detail:

- A ca‘tegonj C where each arrow u:x—y has a weight lw] € [0,%]
such that:

*iclen’cihj morphisms have weigld' zero : 11x|=0.

* for all composable morphisms w:x—y and viy—>2 we have the

triangle mequality: lveul £ ul + Iv]

Example: A Lawvere metric space is a weighted category whose

underlying categovy is codiscrete. Equivalently, it is a category
enriched in ([0,] , T ,0).



WEIGHTED COFUNCTORS & LENSES

- A weighted functor F:C—D is a functor (between the uncl.er[ging

categories) such that |[Fulg lul for all morphisms u:c-ac'in C.

- A weighted cofunctor (F,#):C—Dis a cofunctor with Lifting
operation (c€C,u:Fc>d €D) I P(c,u) such that [®(c,u)l< Jul.

* A weighted lens (F,¥): €—D js a weighted functor and weighted

cofunctor such thet F@(a,u)=w. We have thatl
as

1\

lul = |F¥(a,w)]| € |9,wl € |ul C —
implfe.s F l
D

42

I"P(“"")I = I“’I



FUTURE WORK & QUESTIONS

- Considev othev bases of enrichment (V=Cat, Lens, Vect) and
Possil,ilf-l-g of av\:?qunj V (or b§ca+¢5evi¢s |dovble cwl'egov{es).?

- Enviched split opfibrations ? Using décalage?

-How Muc.\r\. o'F H\e 'Uteonj o‘F l.QVLSQS ‘l’ramS'FerS fo i’he

enriched context?

- Fov whiclh double c.od'esov;es can monad retro maps be

represented as spans of monod maps?



