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A lens is a functor equipped.
with a suitable choice of Lifts.

A a —Pau) o

i

S

A 5pli{ opfibra{:ion i1s a lens

whose chosen lifts are opcartesian.

BACKGROUND: WHAT IS A LENS?

: @,
Proposition: A lens Aﬁ’B =~

a commutative J.io,gro,m of functors,

A e

N
,cl X
/
B

where ¥ is bijec{ive-on-objec{s
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and ¥ is a discrete opfibration.



For each small category B, there
is a category Lens(B) whose:
+ objects are lenses into B;

* morphisms are given by:

h
A C i.e. functors

‘PJ(RZ\'LX h:A—C such
“\ /T T that gh=f &
AN B/,-, )

h¥(a,u)=¥(ha,u).

THE CATEGORY OF LENSES OVER A BASE

* This defines a functor:
Lens(-) : Cat™® — CAT
- There are forgetful functors:
Lens(B) — C(Cat/B
Lens(B) — Cof(B)

* There are full subca.{'egories:
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DOpf(B) <— Lens(B)
SOpt(B) =— Lens(B)



Many kinds of morphism can be

understood "fibre-wise”:

SOpf(B) =~ [B,Cat]

DOpf(B) == [B, Set]

Cat/B == [HB,S$pan]
Can we find a double cajtegorg
ID which classifies lenses?

Lens(B) =~ [HB,ID],

lax

FIBRED APPROACH TO LENSES

Let s/Mult be the double

Ca.'l:egorg of sets, functions &

Spli{' multi-valued functions.
A_—_—_X—B

There are iden{i{‘g-on-objec{s

g( ver’(. arrows cl,ou.l)le 'Fu.n,clzors:

L

Q Set (+ siMult — $pa.n.



Theorem: There is an equiva.len.ce:
Lens(B) == [HB,sMult]

|clea= La.x 'fu.n,d:or ~~ Lens

j’LRF b.o.o. 7IF 3 ]]_
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5 FIBRED APPROACH TO LENSES

I.QX 'Fu,n.c{or

Split opfibration ==
F:lHB—s/Mult such that
F LRF(w) F F(1y) Fy

[ v ]

F(u) F(iy)
]

H U comp (u,1,) ‘
F(u) "My

is an isocell for all u:x—y€B.



Examples of lenses are morphisms

with algebraic structure:

SOpf(B) -—meedes (Cat/B
DOpf(B) -2ty Sei/B,
Leads to generalisations:
+ Cat~v 2-category with

pu.uba.clzs and comma ol:je,c,{'s.

« Set ~» ca:l:egorg with pullbacks.

6 ALGEBRAIC APPROACH TO LENSES

Johnson-Rosebrugh (2013): Lenses
are certain algebras for a semi-monad:
Cat/B ——— Cat/B
ALB  —  fi,lB 5B
Can we show that
Lens(B) —— Cat/B
is monadic? Can we generalise

lenses by replacing Cat ?



Recall that Cat has:

* An idempotent comonad (disc. objs.).

- An OFS. (in’rlio.l disc. Opfibro.{ion)
Theorem: Lens(B) —=enedie, Cot /B

ldea: A —» T discrete
o .
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7 ALGEBRAIC APPROACH TO LENSES

Coro“arg:

SOpf(B) == Lens(B)

AT
Bonus: Can replace Cat with C,
category t/w idem. comonad & O.F.S.
Example: SpEpi (B) —2enedic, ©/p

- The initial object comonad.
* The O.FS. (all morphisms, iso).



There is a category Cof (B) whose:
* objects are cofunctors into B;

. m.orphisms are commutative

c{iaﬂrams:
h
A——C
b.o.o. -, @T Tx  b.o.o.

X—Y

disc. =, $\, ./g « disc.
opfibration B opfibration

COALGEBRAIC APPROACH TO LENSES

Can we show that
fLens(B) —— Cof(B)

is comonadic? Generalisation?

Lemma: Lens(B) = Cof(B)/1,
ldea.: A _'F) B

T
X—B
N4
B



ReCall '“w.{' Ca.'l' ha.s:

* An idempotent monad (codisc. objs.).
Theorem: Lens(B) comenedic, Cof(B)

: % discrete
ldea: X —\opfubmtuon
o {\s.l.en.s B

b.o.0.

codisc. cat. A

q COALGEBRAIC APPROACH TO LENSES

Question: Is the functor
SOpf(B) — Cof(B) comonadic?
Bonus: Can replace Cat with C,
category tlw idempotent monad
and class M of morphisms.
Example: SpEpi(B) 2mensdic, g /2

e The terminal object monad.
* M= class of identity morphisms
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SUMMARY & FUTURE WORK

1.Fibred approach

Lens(B) =~ [HB,s/Mult]

lax

2. Algebraic approach

Lens(B) -—meonadic,

Cat/B

3.Coalgebraic approach

Lens(B) <comonadic

Cof(B)

Understand double cat. s/Mult

- Fibred approach to Cof(B) 7
Dual'{g between (co)algebra.s:

Cat/B TL, Lens(B) L, Cof(B)

* When do morphisms with

algel)ra.ic structure compose ?

« A formal theory of lenses
brgceclarke.gi{hub.io



