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Lenses as morphisms Lenses as objects
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*How can we briclge. these two approaches to lenses?
s What is the general setting in which lenses should be considered ?

-wk\j is li“:'\r\.g an intrinsic a..sPec{: of lenses?



1. Backgrou.nd. and generalised lenses

2. A|3ebra.ic weak facterisation systems
- X
P ?

»A

' B

3. The double category of generalised lenses
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A functor f:A—B is called:

. bijec‘l:ive-on-objecfs if we have:
s —— A

L=
{s3—8B

- a discrete opfibration if we have:
{13 — /i\

{--]—B

A delta lens (£,9): A—B is a

commutative diagram in Cat,
N
A8

where ¥ 1s bijec":ive-on-objecfs

and ¥ is a discrete opfibra.{'ion.

Question: How can we interpret

this diagram in other ca:legorhs?
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‘Let (-),: C—C be an idempotent | - The class Iso(@)cW € C of
comonad with counit i,:A,—A. weak equivalences satisfies
2-out-of-3 and is stable

- An object X is discrete if XZA,.
under pullback (& pushou{s*).

e The full Subca‘legonj Disc (C)

: *Universal property:
on discrete objects is coreflective.

X
+ A morphism f:A—B is a weak 3~ lz
eq,u.iva.lenco. if f, is an iso; A ’_, B

will be denoted: «——.




Let C be a category +/w classes - the 'Fol.low'mg wniversal

of morphisms Iso(€)c €, M cC property holds:
which are closed under composition. SN S
, 3
* The pair (E,M) is an orthogonal c l: ,’;" i Im.
factorisation system on C if: v
—every morphism decomposes: | * Several nice properties:
£ -if g'FEJ‘L and g€M,then feM

—morphisms in M are stable

A > B
es e E',\A _/ﬂf EM wunder Pu.l.l.ba.ch .
Js




‘Let C be a category with, - A generalised lens (f¥):A—B
- an idempotent comonad (-)o is @ morphism f:A—B and a
yielding class W of weak equiv. comorphism ?:A—-+B such
—an O.F.S. given by (£, M) that the following diagram

such that WN M = Iso(C) commutes:

and Disc@)— M.

X
- A comorphism ¥:A—+>B is an lp/ '\t‘P

issmorphism class of spans: A r )B

P »
Ae———X—R Question: Which lifting problems

7 W

weak equivalence  M-morphism | do generalised lenses solve?
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A step-by-step construction:
1. Consider a lif'l‘ing problem
whose right side is a lens.

2. Precom.pose with counit and

use wniversal property of w.e.

3. Factorise the composite and

wse wniversal proper'l:g of O.F.S.

4. Suppose the square is a pushout

and use universal property.

5. Rest.

Takeaway: Lenses have the
right Lifting property against
morphisms satisfying (¥).



A functor f:A—B is called initial
it any of the following conditions held:
1) for all beB, /b is connected.

2) for all g:B—C, tim(q) = tim (aof).

Examples:
* A functor 1B is initial &
it chooses an initial object in B.
* A functor Ao—B is initial &
it chooses local initial objects in B.

- Left a.J.join.‘l: functors.

The comprehensive factorisation

system decomposes every functor:

A——B
iniiial\g / disc. opf.
o

Example: The comprehensive

factorisation of f: A,—B is:
a A, —F B cod

LN/ 1

(a.,1.|:a) -F/B (a.,u)
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Consider a Llifting problem:
M——A

el Ik

fa/B—2
A solution p:falB—> A states:
‘pla,1s) =a & fpla,u)=codw)
o p(ia,i.p.,,):lo. & 'Fp(lq,,u.)z Ww.
« p{la,veu) = p<1lg,vYopSla,u)
Then f has a local lens structure
at the sbject a€A.

e The coproduct over all a€A
is a solution,but doesn't give a

(global) delta lens structure.

. Converselg, the functors which
Lift a.goin.s{ delta lenses are

relatively easy to understand.

Coi_c) C Paste local

L l initial objects
-
'FIQ/D —_— D a.long an objecf

inclusion.



An algebraic weak factorisation
system (AFWS) on C consists of:
* A functorial factorisation (L,E,R)

* An extension of (L,¢) to a
comenad (L,e,4).

-An extension of (R,m) to a
monad (R,Mm, ).

Lf
X ——Ef
L.Fl Coum'\: J,-F u.m{: Rf

£ e Y
- A distributive law §:LR 2DRL of

the comonad L over the monad R:




[11]

Let (€, W,E,M) be as before, | Since we have,

and assume C has pu.shou.-lsi.' (E.F)o ~ 5T,
AoT)A A s l 7'?!";';. Ims
e*'l r lu: - J«F Iu),.,_“’ B
IFJi E+ -; B the multiplication is given by:
), ——bf—pf | EF T T
e,,lo luu: lm: Sl r ls " ls-\f
= rERf-B?-"B Ef@ERP\--/-*'E{R—p
L T 1 \W/'




To construct the comonad,
AOT)A

A
e l l'-‘* lL-F

Ta.f _,\ EL'F S E‘F

note that we have:

e
AQA ]‘w

A
ef¢ i _ /,; ImL'F

T he comultiplication s g;Ven by:

Altogether this gives the data
for an AWFS on C,constructed
from the OFS (EM) and W.
Question: What are the R-algebras?



Consider the monad (R,m,p) on et

*A R-algebra on f:A—B is
given by ﬁ'—E-F—’A such that

fop=Rf and other axioms.

. R-a.lﬂebrq.s are equivalent to:

A_)A J-m —)J.-F

e’l/ l"' ‘"l lr

T)A

where we have:

(o)== T A—(T5),

emel v I"'# TP leﬂ-r
i

TuroB ¢ T..

M".r.

For any AWFS on C,there is a

double categery R-/Alg whose:

* Category of objects is C.

- Cateqory of morphisms is the
category of R-algebras.

Claim: The double cat of lenses
is i50morph3c {0 R-IAlg.



Let (C,W,€E,M) be as before,

and assume C has Pu“backsi.'

The double cateqory lLens (C) has:

+ Category of objects given by C.
+ Category of movphisms vlens(€)

X—— X
l sltv‘ /
A

A—
N
)

éB’

ip

a1

The double ca.'l:egorvj lLens (C)

is right-connected since we

have cells fov ecach Llens.
P

X>— B
v s H
A—iB
£ |

R=——8
For LLens(C)Z= R-Alg , we need
to show that vlens(€) _menadic , o2




Let (R,m,p) be the monad on CQ

as before. We want vlLens(€) to

be isomorphic to R-Alg.
Step 1: vlens(€) — R-Alg

Vs,

A=A

efi / l

Step 2: R—Alg — vlens(e)

Assume {he coequaliser in Cra :

m;: »J —--—QQ

AN

Then we c.on.stru.c.i:
. = Q
T / v

72

YEW since Po is @ splr& coequalnser




Let (C,W,E, M) be as before, The double category lLens(C)
and assume C has Pu“backsi.' 1S the completion of Como (C)

t ight- ted double cat.
The double cq’-tegorﬂ ¢omo(e) has: ca l'lg connecte ouoble Ca

- Category of objects given by C. | Moreover, if C—Disc(€C) has
+ Category of movphisms vlomo(€) | a right adjoint , then we have

A _,A’ that vLens(@)— vlomo(€) js
sT Tg Comona.olic over the c.od. -Func":or.
X a X Question: What can we learn
I I from this "d.ua.li'l'u.j" K

R—~B



The codomain map of lLens(C)

cod

given by vlens(C)—C has
fibre over BEC denoted lens(B).

If C has pullbacks,then cod is a
fibration :

e

|f C has pushouts, then cod is

an op-ﬂ'braf |'on 2

Thus for every B —C we have:
‘Lens(B)f—'— { ens(c)

and cod is a bifibration.



Q: What is the gen.e.ra.l setting in which lenses should be considered ?
A:ln a category with pullbacks, pushouts, an idempotent

comonad , and an orthogonal factorisation system.

ink\j is lifting an intrinsic aspect of lenses?
A: Because ‘l:helj are R-a,lgebra.s for an AWFS. Lenses are
morphisms which are weakly equivalent to the right cless of

an OFS via an idempotent comonad -

Q: How can we briclge. these two approo.che.s to lenses?

A: U.sing the double category ILens @).



