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OVERVIEW OF THE TALK

Delta lens
Get functor algebraic Put cofunctor
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. Everg lens consists of two parts: Get (forwards) and Put (backwards).

. U.su.a.l.l\j o d-lens is understood as a Get functor equipped with
additonal algebraic structure specifying the Put.

¢ Here we '|:a.ke a PIL'I:'I)G.SQC'. approacl’t 'to A.".CH.SQS as coa.l.g el:ra.s ‘For Q com.on.a.d.



HISTORY & MOTIVATION

- 2012: Gibbons & Johnson compare (co)-algebraic approaches to

classical state-based lenses, internalise to any C.C.C.
- 2013: Johnson & Rosebrugh show d-lenses are algebras for a semi-monad.

- 2016: Ahman & Uustalu establish a construction assigning every

cofunctor (morphism of directed containers) to a d-lens.

- 2017: Ahman & Uustalu characterise d-lenses as cofunctors with

additonal s’tru.d:u.re, given bg a functor.

> 2020: A diagramma‘l:ic characterisation of d-lenses is introduced.



A d-lens (-F,‘P)=A+"B consists of a
a functor f:A—B and a li'Ffing

operation,
A o Hew, o
(f,tr)i
B fa—t—b

satisfying the axioms:

(1) fe(a,u)=u

(2) ¥(a,le) =1a

(3) ¥(a,veu) = P(a'v) e ¥(a,u)
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REVIEWING D-LENSES & COFUNCTORS

+ A cofunctor (£,,%):A-+B consists of
a function f,:0b(A)—O0b(B) and

a li'Hin.g opera.":ion,

a lP(a.,u) Q.’

A
(f.,tr)f : )
B fa——b
satisfying the axioms:
(1) £, cod(®(a,u)) = cod(u)

(2) "P(aal-l-'g) - 10.
(3) P(a,veu) = P(a'v) e ¥(a,u)



DIAGRAMMATIC REPRESENTATIONS USING FUNCTORS

« A functor f:A—B is called:
X bijecfive-on-objecfs if

f,:0b(A)—O0b(B) is a bijec{:ion.

X discrete opfibration if for all
pairs (a €A, u:fa—b€BR) there

is a unique morphism w:a—a

such that fw=u.

A a 2w, o
£ :
B 'Fa#’ b

« A cofunctor (‘F.,,"P)’A""'B is the

same as a span of functors,
Act—X—-B
where ¥ is bijec{ive-on—objcc{s

and fis a discrete opfibration.

* A d-lens (f,%):A-+B is the same

same as a commutative cl.iagram:

X
AR

s



‘Let B be a fixed ca'legorg (view).

Let Cof(B) be a category whose:
*objec’cs are cofunctors into B;

X morphisms are given by
A——C
mm\Bfmm

functors h such that

f,a=g,ha and h¥®(a,u)=¥(ha,u).

CATEGORY OF COFUNCTORS OVER A BASE

‘ldea: morphism.s are functors

between source categories which

preserve the chosen lifts.

* Morphisms are equivalent to:

A——C
% I P
X——Y
$\84

where h is an induced functor.



Let 15 :B+~B be the trivial

cofunctor on B.

* Proposition: Morphisms in Cof (B)

to the trivial cofunctor are

equ'lva.le.n": to d-lenses into B.

A——B

¢, 0) N 5 1,

~ 'Fu.nctors f such that 'F,a.z fa

and fPlau)=1m(fa,u)=u.

D-LENSES AS MORPHISMS BETWEEN COFUNCTORS

* Define the cateqory fens(B)

of d-lenses over a base B as

the slice category Cof(B)/1g.

* There is o.'Forge‘l:'Fu.l functor

L : £ens (B)— Cof(B) given by:

A;’B A
g - [ >T<w
X—B LF
1z\JB// B



WHY ISN'T EVERY COFUNCTOR A D-LENS?

* There are two primary obstructions which could occur:

A ® — > e A o —> e

B |- o DI I R —
(1) Not enough morphisms in view. (2) Too many morphisms in view.
Solution: delete morphisms in A. Solution: duplicate morphisms in A.

. Tl‘le l!eg {0 COI‘I.S‘I.'PI.LC".'i"I.S a u.nivers:a.l. Solu‘fion 1S 'l:o use 'H‘I.e cocliscre‘fe

ca":egorg B which has a unique morphism between each object in Ob(B).



. Proposi*ion: There is an a.djunc.{:ion

Lens (@) —2—Cof (&)

whose right a.djoin.i: sends a
cofunctor (£,?):A—+>B to the
cofree d-lens P+B given bg:

)

A RIGHT ADJOINT: THE COFREE D-LENS ON A COFUNCTOR

+ The ca{:egorg P has:
X objects the same as A,

X morphisms (w:aoa, wifaofa).

* The counit is a morphism
in Cof(B) given. ba:

p— A

@ | Te
X——=X
i\B/?




THE MAIN RESULT

Theorem: The forqetful functor Lens(B\i‘ Cof(B) is comonadic.
Proof: Consider a coalgebra for the comenad LR en Cof(B):

/coalgebra map * The Coalsebra maps m the
A 1a, yP —Z2 5 A pullback P, and compatibility
q,'l‘ (w,;)‘[ counit T‘P with the counit gives (1,5):A-P.
X X X - A coalgebra is a functor f:A—B
\ l;/ such that fop=F ; equivalently
f B * fa=fa and f¥la,u)=u.

ien.s(B) = Coa.lg (LR)
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SUMMARY OF THE TALK

* Many appreaches to d-lenses: * Our main result gives a Put-based
¥ A functor and a lifting operation:| approach: d-lenses into B are
A o Hew, » coalgebras for a comonad on Cof (B).
(.F.q,)i * There are nice categeorical

B {a#, b consequences including:

¥ Computing colimits in Lens(B)
¥ A certain commutative J.Ea.gram.:

o X3

A _f B * This result alse unifies several

*Evernj d-lens factorises through

a cofree lens by a b.o.o. functor.

previous results in the literature.

% An objec‘l: in the ca{egorg Cof(8)/ 1,



