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HISTORY & MOTIVATION

* C[assical S{o.":e-ba.secl lenses are equival:n“: to coa.lgebra.s 'For 'er

comonad generated by the adjunction (-)xB- [8,-] on Set.

*In 2017, Ahman and Uustalu showed explicitly how (delta) lenses

can be understood as cofunctors with additional structure.
‘ |n 2016, [AU] describe a construction on cofunctors which yields lenses.

-Last year | showed that:

- Lens(B)—Cat/s is monadic (lenses as algebras for a monad )

- Lens(8) =[B,sMult],, (lenses as lax double functors)



OVERVIEW OF THE TALK

* The central goa[ is to show that the 'Forge‘l:'ru.l functor,

L ens(B) » Cof(B)

V8 — N9
A——B A B

is comonadic.

*We will see that this result also holds when the above diagrams

are interpreted in a setting more general than Cat.



BACKGROUND: BASIC NOTIONS

* A functor f:A—B is bijective-on-objects if its underlying object

o.ssign.m.en'l: 'F..-.:Ao—’Bo IS a bijec:l:ion.

* A functor f:A—B is a discrete opfibration if for all pairs
(a €A ; w:fa—b €B) there exists a u.n.iclu,e morphism w:a—a’

in A such that fw=u.

Some motivating questions

1) How might we consider morphisms Like discrete opfibrations ?

2) Can we define these notions in ar|>i'|:ra.rg categories ?



BACKGROUND: COFUNCTORS & LENSES

+Both cofunctors and lenses are like discrete opfibrations.

* A cofunctor W:A—+B is
a span of functors,
X -
VRN
A B
where :

P is bijective-on-objects ;

P is a discrete opfibration.

‘A lens (£,¥):A=B is a
functor f:A—B +ogether
with a cofunctor ¥Y:A—+8
such that the following

diagro.m. commutes:

X -
v N
A——B



THE SPECIFIC SETTING

Let Cat be the category of small categories and functors.
* Set is a reflective subcategory of Cat:
(T wnderlying objects

Sech 1 >Cajc

%) e codiscrete category

. Bijec’c]ve-on-ol:jec{s functors form the class of weak equivalences

with respect to (-)o:Cat — Set.

* Discrete opfibrations form a chosen class of morphisms called Fibrations.



= THE GENERAL SETTING

Let € be a cateqory with pullbacks equipped with:

- o reflective subcateqory D whose reflector preserves pullbacks;

: (-)o
D, L €
2y

e the wide subca’tegorg Core(€)E W S € of weak ectu.iva.lo.nces
whose members are sent to isomorphisms by the reflector;
— € W
* & wide subcategory Core(€)s FibS € of fibrations™

—» € Fib



WORKING OVER A BASE

‘Let €=(€,D,W,Fib) be | -Let XFib(B) be the category
our setting for the talk. of extended fibrations over B

(think Cof(B) in Cat).
- Choose an objec.’c Bect.

objects morphisms

‘Let JFib(B) be the full

subcategory of £E/8 on /ﬁ\ A—C
w.e.
the class of fibrations s TS TS
(think DOpF(B) in Cat). X X —Y
fib - .
4
B

N S
B




AN EASY LEMMA

Lemma: Fib(B) is a coreflective subcategory of XFib(B):

Fib(B) T . XFib(B)

NN call the inclusion T
Proof: The counit for the adjunction is given by:

X —— A

| TS
W, J




LENSES OVER A BASE

Let Lens(B) be the category of lenses over B consisting of:

objects morphisms
X X »Y
| sl ls
A A—\—/—C
| AT
B B

Goal: Show that the 'forge‘lfu.l functor Lens(B)h’X.Fila(B) is comonadic.



ASIDE: AN INTERESTING DIAGRAM

* Since Jib(B) has a terminal object 15 ,but X Fib(B) does not,

we can consider the fellowing factorisation:

functor T, shr.e of XFib(g)

has a r|3h+ski/ X‘F'b(B)/T]'B over -th; obJeBct

a.djom.*l:

Fib(B) < T >X Fib(B)

-|s the cateqory XFib(B)/T1g something familiar? Yes!
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ASIDE: ANOTHER CHARACTERISATION OF LENSES

Proposition: There is an isomorphism Lens(B)=x XFib(B)/T1g.
Proof: Exo.min.ing the objects and morphisms of XFib(B)/T1g:

A——B

sl

X—>B

W/
:

Objects are equivalent

fo l.en.ses

A—>B A—)C—»B

B l=% B |

X—»B | X—Y—>B

\ // e l 7

in slice

Morphisms are eq'uivo.len’c
to those in Lens(B)
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UNDERLYING OBJECTS

Lemma: There is a. functor XFib(BY —™D/B,.
Proof: On objects the functor is given by:

A A, A,
e s o] | v
_X }m X° c.::;:se fo= %
o |

B B, B,

¢ (=)o D 0



CONSTRUCTING A RIGHT ADJOINT

R
Lemma: There is a functor XJFib(B)— Lens(B) given by:

"ﬁ/ax V< “"“?»X\f

A B P——8
Proof: Consider the pullback:
/ﬁ\* - M is the unit of (-)o—1 (%) and
X .-S"':’g)., p—2 R components are in W since counit =id .
~ nAlg - sl"[B « T € W since (-), preserves pullbacks.
* A — o * Outer square commutes (abst. nons.)

'Fo"'lA «{eo)eW b&l 2-out-of-3.
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THE MAIN ADJUNCTION

Lemmoa: There is an ad junction:

R
Lens(B) __ T XFib(B)
L
Proof: The unit and counit are given by:
X X P—5A
¢ [s \# " | co®) @ s e
AN/ p X ==X

/s AN
3
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THE MAIN RESULT

Theorem:The forgetful functor Lens(B\i‘X.Fib(B) is comonadic.
Proof: Consider a coalgebra for the comenad LR on XFib(B) :

coalqeb
ol gedra map * The caalgebra maps into the

pullback P, and compatibility
with the counit gives (1.,5):A—P.

A <1A,'F) P A A
q,'l‘s (‘P,G)TS counit ST(P

* Thus a coalgebra is a functor

X=—=X X
Kgﬁ FA—B with =800 and fue

. Comul’cnphcq:l:lon adds n.o{'hmg more.

Lens(B) = Coo.lg (LR)



16

IMMEDIATE COROLLARIES
Let €=Cat, D=Set, and W=1bijective-on-objects functorsy.

« When fib=1{discrete opfibrationsy, then we have that

lens— Cof (B) is comonadic (this was our main goo.l\.

* When Fib = isurjective-on-objects discrete opfibrations$, then

our coalgebras are surjective-on-objects lenses.

“In general, Fib is any wide subcategory of €:
- What are some other interesting choices for Fib ?

—How can we choose Fib to behave % discrete op*Fibro.’cion.s?
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FIBRATIONS VIA COMONADS

Let € be a category with pullbacks equipped with o
comonad (D,e,8) which preserves pullbacks.

There is a wide subca{egorﬂ Core(€)e D-Fibe € of D-fibrations
consisting of morphisms f:A—B in € such that the square

DA——DB
e:z?‘iti:tm’?/ eAl las 1S a pu.llba.clz.
proper'hj
A — B

Example: If £=Cat and D is the cléco.lo.ge comonad , then D-Fib is
the C&Jcegorg of discrete opfibrations.



D-UNIVERSAL LENSES

A lens (,9):A—=B in a ca.‘ltegorg £=(E,D, W, D-Fib) is
D-universal if the morphism Dfem, is a D-fibration.
Df o,

X%, DA —=—DA ——DB

" e/l\ e e

X —= B

¢<

Example: If £=Cat and D is the décalage comonad , then a lens is
D-universal if and only if it is a split opfibration.
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REINDEXING FUNCTORS

*Given a lens (3,5):B—C, there is a functor,

Z(S.Y) t Jens(B) — Lens (c)

defined by post-compesition (assuming Fib is nice).

+ Given. a functer :B8—C, there is a functor,

AVE: fens(C)— $ens(B)
defined by pullback (also assuming Fib is nice).

*When gEFib, there is an adjunction 2, A,.

‘Do these functors giel«l a double ca.'l:egonj perspective?



CONNECTION TO THE ALGEBRA STORY ?

*What conditions on € are required for the functor,

lens(B) »E /B

to be monadic? (Recall that £=Cat is sufficient)

* What can we understand from the composite adjunction?

comonadic

Cof (B) Tl , Lens(B) 1 X Cat/B

monadic

- We know that SOp‘F(B) — Cat/B is monadic; is the
functor SOP‘F(B) — Cof(B) also comonadic?
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SUMMARY OF THE TALK

Udens (B) = ’I.ens(B)
4 1§
D—unive./r‘s/a:.l. X\F|b( B) /T1e /

lenses R
74 c di P\
T omonadiC “ |
D 1

main result

(D)Fib(B) < T , XFib(B)

putivacks ~~  w/pullbacks 1)~ class of weak equivalences wrt. (),
:l) j L i gj Fib-class of fibrations (possil:lg wrt. D)

A

(-) D - comonad on € preserving pu.llba.c.lts



