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Given a functor F:B—Set, we

can construct the comma category:
|
|}
B —F Set
The category of elements SF has:
- objects (b€B, x€FR,)

+ morphisms (b, x)— (b, x') where

u:b—b such that x'=F, (x).

The projec’tion functor,
J[F—B

(bx) — b

is a discrete opfibration.

There is an equivalence of

categories:

DOpf(B) =< [B,Set]



Given a functor F:B—Cat, we

can construct the comma category:

The ca‘l:egorg JF has:
- objects (bEB, x€FR,)
+ morphisms (b, x)— (b, x") are

ub—b and «:F (x)—x.

The projec’tion functor,
CY A )]

IF / l

l (b,x) —— (b, x)
T . .

B b —% 5 b’

s a SPli'l: 0pfibra.'|:ion..
There is an equivalence of

categories:

SOpf(B) =2 [B,Cat]



* A split opfibration is an opfibration with the additional structure
of a spli'H:ing. How do we obtain this structure?

*First recall the adjunction
disc— obj with counit,

t

obysﬁ&sc
Cat 1

3>Cat

and whisker with F:B—Cat.

* Then use the wniversal

proper‘l:g of 'l:he. comma .

ﬂ&"l & l"

Rracht Fo
op:;?;:;cion B @CQ{

F



* A lens is a functor equipped
with a suitable choice of Lifts.

A Q lP(a)u.) a)

i
B fa — b

+ A split opfibration is a lens with
a certain proper‘tg: the chosen

lifts ¥(a,u) are opcartesian.

(X))

Proposition : Every lens A—B
has a faithful representation as a

commutative diagram of functors,

'\
AT B

where ¥ is bijective-on-objects

and ¥ is a discrete opfibration.



*For each small cateqory B,
there is a ca'l'egorg Lens(B)

whose:

— objects are lenses into B;

—morphisms are given by:

/\ () i.e. functors

J,\ /l h:A— C such

;\\“/ that gh=f &

h¥(a,u)=¥(ha,u).

* There are full subcategories:

DOpf(B) Ty Lens(B)

SOpf(B) > Lens(B)

 Central clu.es{:ion.: is there a

(double) category D such that

there is an equivalence of
categories,

Lens(B) =~ [B,D] ?



A double category D consists of:
- objects A,B,...

-vertical morphisms f:A—8,...
—horizontal morphisms uw:A—A', .

-cells

>

¥ 9

)

®—>
00—

w
—_—
Y
s
v

Horizontal composition is

associative up to comparison isocells.

Examples:

* $pa.n - sets, funclions, spans

A¢ 7] 2 A
l l l
B ¢ Vv >R’

* For each category B, we have

IHB and @B with cells (resp.):

A A A— s A

| ¢l e |

— N B ——@’
w v

* The terminal double cat. 1
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* A lax double functor F: IA—B
consists of an assignment,
A—sts A FA—~—FA

'Fl U= 15 AN Ffl U Fe ng
B —+—8’ FE——F8’
which preserves vertical direction

strictly % horizontal direction

wp 'l'o coherence cells:
Fv

FA—»’—)FA FA—H FA' ——FA"
R
FA_(’J’FA =~ *FA

e A vertical transformation

t:F=C:/A—IB consists of
an assignment,

FA—L—FA'

-t,l Ytu lf,\.

CA—C:'—*GA'

W

A—Fi—A' A

which satisfies n.o.‘lu.ra.l.i'l:g and

coherence conditions.

* For each pair of double categories

A and 1B : thereis ca.":egorg [IA,IB]

lax-
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Given a lax double functor

F=||-|B—’$po.n., we can construct

the comma category:

fF—1

7

HR —— $po.n

The co:l:egorg JF has morphisms:

1,
( bi’b‘ : "‘/1.\"' >
Fb: Fu. :Fb’

« The projecfion. w:JF —HB =~

* The laxiftj of F induces

identities and composition in (F.

>3 'Fu.n.c.":or H(IF)L’B given ':g

T(uw,a)=u:b—b.

* Thereisan equivalence of

categories:

Cat /B = [HB, $pa.n]
(see Paré “3oneda. -I:keorg..." for J.e'l:ails)

lax
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. IHB—’$pa.n. which are normal
>~ functors with discrete fibres.

- HB—8pan which are pseudo

=~ discrete Conduche fibrations

/\’

* HB— Q Set — Fpan

== discrete opfibrations

/\)

*HB— Rel — $pan

=~ faithful functors
—_ >

+ HB— [Par — $pan

2 faithful functors f:A—B st
if flatsa)=f(aa"),

then u=v (u.niquen.ess of lifts).
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Let IMult be the full double
subcategory of $pan on spans
of the form:

Xl 7 — Y

These are called multi-valued

functions (not necessarily relations).

/\,

* HB—Mult — $pan

~ functors with existence

of Lifts:

* This is a necess ary condition for

a functor to have a lens structure.
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Given a double category D, we

may construct a double ca{egorg

[ald

D whose:
- objects & vertical morphisms
are the same as D;

— horizontal morphisms are given

bg cells in D of the form:

D>

sfc
R

®e—>
+

= cells are given by cells in ID,

(f,u,)

A—+—B A—l:'—)B
[ v e o o
C ——)D C —+—D
(3,v,P) v
such that:
A A A A
‘ Y | £ h 1, h
A—l—?u 8 = C c
h| Uw |k U~ |9
c —+—b c——0
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* There is a pseudo double functor
iD—ID given by the assignment

(£,u,) w

vl ] un]
C——D cC ——D

(9.v,P) v
* There is also a pseudo double
'Fu.nC'l'or [ISL*@(V[D) given bg

(f,u,x)
A —» B

]l

C—’DD

h

O—>

—_—
Ywv
—

(9.v,B)

C—m

*If ID has companions, U has
a left adjoint given by:

>

f

A—B

ye |f

AN

®e—>

1’

f.
* The counit is given blj the universal
property of the companion cell:

A s.t.
IR

S -«
&
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* We may apply our construction to
D=8pan to obtain iD=sMult )
the double category of split

multi-valued functions.

* A horizontal morphism in sIMult
15 a ce“. in $pan of the form:

1 i

€ A >A

A
11 1\9 lt‘?
Ae——X—8
L\ split epimorphism

* A cell in s/Mult is given by:

Ayt gt=th
176 S
NS Xt

—.,’ hie=t'f

* The forgetful functor factors:

s/M ul\t‘ /$ pan
"
‘Forge't M U H: forget
structure property
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* There is an adjunction of double

ca.'l:egories:

L
(DSe‘l:; -;\-‘ “siMult

* The rigl'\": a.cljoin‘l: IS given bg:

A_,%XL»B A8
AT ~ 40

I(L . 'E. ' J !
RS X—tas N—oB

* The counit of the adjunction,

Q Set
R'/ Ua \‘IL
siMult — siMult

has components which take

a SPli'[' multi-valued function

to the cell:

Ae— At

N 1»{ i

)
AESX—
L 4



18

Theorem: There is an equivalence

of ca‘legories:

Lens(B) == [HB,siMult]

lax

Proof (id.ea.)i Lax functor ~w lens

/\711-0 lenswl % l*

discrete IRF
opfibration B @ siMult
=

ConverSeLg, consider a lens:

Aa“/-b

where

|| =

Pla,w)=u.

B [x——y

This gives a |HB —s/Mult:

F,‘@/«»L

Ny
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SPECIAL KINDS OF LENSES

HR—— s Mult
N A
ID «-"7?

* Discrete opfibration ~ ID=0Set
« Cosieves =~ ID=DQ {o—-13

. Bi\"ec.’t'we-on—objec'l's lens ~

D is full double subcategory on
1 + X _" ].

. Fuulj faithful lens =~

ID is full double subcategory on
A ‘_A"B_’ B

<, 4)

*Discrete fibration” ~

ID is full double subcategory on

e A= =B ——B
A

*chosen section to each

function between fibres
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Split opfibration =~
Lax double functor F:HB—s/Mult

such that the cell,
LRFM) —  F(ie) A
—_— Fb)

Fb_"_)Fb'

‘ U e ‘ ‘
F,—Fe) p, Fad ¢ L2/
comp (w,1y) N2 .
F‘b .g( - P 1: F".’ B b w S b\

is an isocell for all w:b—b' €B.
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* We discussed the Grothendieck
construction at several levels:

DOpf(B) 22 [B,Setl]

SOpf(B) [B,Cat]
Cat /B =~ [HB, $pan]

* Introduced a construction ® such
that when |D=$pa.u, i.5= siMult.
- Established a Grothendieck

construction for lenses:
Lens(B) == [HB,siMult]

12

lax

lax

*What is “’leorg u.nderlgin.g

the construction I, and

are there more examples?

* The double functor siMult-$pan

induces a monadic functor:

[HB,sMult],— [HB, $pan]

lax lax

Expr\c'u{ J.escrip‘lion of left a.d.jo'm‘l: ?

« Can we genera.lise further for

Ca‘tegories B with more structure?



