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TWO PERSPECTIVES ON FUNCTIONS

For each element in the For each element in the
domain , there is an assigned codomain, there exists a
element in the codomain. set called the fibre.
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DISCRETE OPFIBRATIONS category of

elements [F
Function =~ collection of sets [
indexed by a set. ,\\\\\\\$
Discrete opfibration =~ . .\/’.
1) collection of sets indexed >//
collectTion ot SeTS indexe ¢
by a small Cq'fesonj B, via i

a functor F: B — Set.

2) functor with a certain l'l-F'l'ing b w b’ v B

property.

indexing category B}



SPLIT OPFIBRATIONS

Split opfibration =~

indexed by a small category B,

1) collection o'F small CQ'}QSO"iQS o—\/.
(l\ 1

Via a functor F: B —Cat.

2) fun ctor equipped with a suitable

choice of opcartesian lifts.

«\a’/a/'- ;(..,\"' / b—% L —Y

A f » R indexing category B]




A QUESTION CONCERNING LENSES

* A lens is a functor e‘l.“if’Pe-d
with a svitable choice of [ifts.

A a R(a,u) . .
f l
R f)——> b

*Introduced by Diskin, Xiong,
% Czarnecki in 201| +o study

bidirectional model +rangformations.

- Generalise both discrete /split

opfibrations & bijective-on-objects

functors with a chosen section.

* Natural quesl'ion: Does there

exist a category C such
'H’\q'[' ‘For any sma“ Ca"’egorg

B we have an equ'nlalcnce:

B ;7 C 'Fo nctor

[rFP—— B lens
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FUNCTORS VIA SPANS OF FUNCTIONS

ldea: Functor o collection of sets indexed by a small category.

v

B

a‘\_‘i-—) 3
c
az { > qs

F il x B
source S target
Q, / Qg
qQ, o, ag

b uw qb)

b U

> b’

For each morphism
w€B, thereis a
span of functions

between fibres.

indexing
o category

There is an e.qtqulence of C“+e‘3°f;e$: Ca:l:/B = [B,$P°"]|“



MULTI|-VALVED FUNCTIONS

For each element in the domain, Multi-valued function 22 span
there is at least one assigned of functions whose |ef+ leg is
element in +the codomain. a SurJection.
(Not necessarily a relation!) A «e—o R — >R

A q, az a : b' b-,_

Q2 : b3

§

B b b. bs Sets and multi-valved functions

]

form a category Mult.



LENSES VIA MULTI-VALUED FUNCTIONS

o soek=1
a,/—? a xX 3
¥ q oy
A £ * Q, -4 Qg
% 298 Qa, Q4 Qg
f
v
B b w . b) b uw 5 b)

THEOREM: There is an equivalence of categories:

fens(B) =~ [B, SIMUH']qu

For each morphism
w€B, thereis a
spli'l' multi-valued
function between

+he fibres.

E x: Chosen lifts
are k(a,,u) =

and R(az,u)=d.



NEW PERSPECTIVES ON KEY EXAMPLES

Discrete opfibration 2~ - Split opfibration = lens such that

comp

[ens such that F factors: Flo)xp F (1) Rl F(u)xg e F (1) — F(u)
B a /‘. s Mult

is a bijection for all w:b—b’€B.

Sq' (Set)
a,
- Lens =~ diagram of functors A y' 2
v
b.o.o./A\ disc. opf. Q, Vw y Q3
due to an adjunction (in Dbl):
1 @Sq (Set) = sMult B b —*— b




SUMMARY AND FUTURE WORK

‘Lenses may be chavacterised «Applications in computer science:

via mvult-valued functions: ~Put-based lenses (Fischer, Ho, Pacheco)
F_ lax douvble | -Supervised learning using lenses
B s IMU|+ 'Fun C"Or immu 9:‘ 777777777 W 3 3
ﬂ: —R lens

An example

from

Diskin (2020).

« Generalises symilar resvlts for:
= 'F\Jnc."'.‘ons (B _)SQt ) B a se"') AR
- A;SCfe‘\'e OP{-\er"'\.OﬂS (B és e't) Fig. 1: Example of update prop;gation
. . *Futuve werk in mathematics:
- spht opfibrations (B—)Cq{-)
) - Better understand sS/Mult
’OrAmqrﬂ fun ctors (B_’$pqn)

-Lenses as a framework for fibrations.



