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§0. MOTIVATION
A Ca’regorg is lilke a monoid with several ob\jed's.

But what is the correct generalisation of monoid homomorphisms?

Obvious answer: A functor between categories.

Thus monoids and homomorphisms form a full subcategory of Cat:

Mon | =7 | Cat

Remark: this inclusion functor has o left adjoint, which maps a small
J ) P

Co.'\'egoﬂj to the free monoid on its set of morphisms modulo some
relations on identities and Composi+es; however no risln,‘l' adjoint

exists as imitial objects are not preserved.

Less obvious answev: A cofunctor between ca+e30ries.

The category of small cateqories and cofunctors also has Mon as a

'Fu” Subca'fegonj:

c_f.f

Mon 1 Cof

Tl‘\is inclusion fonctor has a riSH‘ acljoini', which maps a small

CmLegorg +o its monoid of admissible sec+ions.



Outline of +he talk:

§1. The L-category of categories and cofunctors
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- Cofunctors as spans of functors

- Morpl'\iswns of cofunctors

§2.A right adjoint: the monoid of admissible sections
- An explicit deseription (vector fields on categories)
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—Chavacterisation as a hom category
= An internal perspective
§3. Lenses and split epimorphisms of monoids
- Motivation: genevalising semidirect products of groups

- Schreier split epimorphisms between monoids

- Lense_s and SPH‘\' opfibra‘\‘ions be.‘i‘ween Moo d s



§1. The Z-Ca+egor3 of ca’regories and cofunctors
Definition (Higgins,l‘/‘ackenzie ' Aguiqr): A cofunctor ¥:B—+A between

small categories consists of a pair of functions,

AOL B, assignment on objects
Qa Y.a
P\ i ,
ongog,é A, a,SSIQnmen'l‘ on Morph\sms
(a,,\PQO.L)b) Lﬂ(o.,a):q_—)a.’

subject +o the following axioms:

(1) %o cod (¥ (a,u)= cod(w)

(2) ¥ (a,1¢a)= 1a

3) P (a,veu) =% (a,v)o? (a,u) wheve & =cod P, (a,u)

A
i
B

[\
A cofuonctor is a lifting of morphisms against objects,

LP!(a)u) )
qQ —— Q

\Poa-_u'__) b — LPOCL)

which respects identities and Compos'\-l-ion"

Given cofunctors ¥:C——B and $:B—=— A, we can take

theiv ComPosH'e in the -Fo\\owing Way:



P, (Q') X| (lpoq,u))
a > o

S
P4

This gie|ds a category Cof of categories and cofunctors.

Exqmple.S:

. EVQth monoid homomorphism BL’A yields a cofunctor:

A P(m)
‘P¥

This gives a folly faithful fonctor Mon — Cof

* Move generally, every bijective-on-objects funetor B—A
ljie.\dS a Cofunc'\'or B—f—)A.

* Every discrete opfibration A—> R yields a cofunctor

R——A.



. E\/enﬁ split opfibration has an underlying cofunctor given
by the splitting.

* Move generally, every delta lens has an underlying cofunctor.

« Let IN denote +he monoid of natural numbers undev

addition. A cofunctor IN —F5A is the same as a

choice of Movplnisvv\ out of evevy objed' in A:

’T:(a,z)
A a T@t) o _TE,1) o
|
IN ° —1—-) s ; ®

ln‘revna\\% this is the same as a section of the domain map:

A, —— A,
N A
A.

* For evevy COd'egonj A, there is a umque cofunctor

1——A from the category with a single idenﬁ'hj arrow.
That is, 1 is the initial object in Cof



Proposi+ion: E\le.wj cofun ctor B—\";’A may be represented as

a span of functors,
A
VN
B A
where ¥ is a discrete opfibration and ¥ is identity-on-objects.
This representation extends o a fonctor Cof — SPQV\.-“(C“"'),

and the pair (DOPFOP,Bij) IS an or']‘hogono«\ factorisation
Sgs%em on Cof.

PROOF (SKETCH): Given Y¥: B—fﬁA, let N\ be the category with

the same objects as A and morphisms given by formal pairs

(a, u:%a —’b>. Then we hove:

Yoo a a
ul l(a,u) l‘ﬁ(mu)
b a' a'

wheve a'=cod'?, (a,u).

Intevnally this span of functors is given by the diagram:

: P 1
Bo - Ao Ao
N

N N
do Te do
r
m,
d, d\'?, d,
y \\4 \ 4

Boerte— A, —=— A, O



Defihi'ﬁon (Agu\iqr)l A 2-cell between cofun ctors,
@

/‘/\
B U™ A
\_{;/‘
Is an assignment to each object a €A of a morphism T :a—a’
n A such that Poa =¥.a' and for any pair (a,u:'ﬁm.—»b)
the -(:o\\ow'\vxg diaamm in A commutes:

¥ (a,u)
where a's cod (g )

A Y"\I‘ J/AC““ a's cod (LP. (q;“))
—_—
% (o) "= cod (tar)
= cod (X. (q',u))

Propo_si'l'ion: Every 2-cell between cofunctors may be represented

as a diQ%Y‘QM in Cat:

VN
B+ {x A

i&\:&%

N O
Ca’regor'\es, cofunctors and 2-cells form a Z-Ca'l‘egorLJ Cof.




Verdical Composi-\-ion. of 2-cells May be understood via

PO«S‘HV\S T Cacl'.:

tl & Be——X —F A
B«LY%A — H Stl U/o-ic"c
Sl \U,C" B“—ZTA

COMpOSH‘]on O'F Cofvn C‘\’OTS Corresponcls +o Span c,omposi‘l'l.on:
-Q"sl\
:/ Vv Y:
n N
C ) A

Hovizontal Composi+ion of 2-cells 1s more involved.

oW X Weg X

yin vin T

C s Uo' R + U,’t A U/.P A
;\ 4 % i‘\ ¥ % ‘E*rri\ 7 %WY

Z_ Y Z"BY

[
O
5




To obtain the fuonctor r and natural transformation p, fiest
We must use the universal Froper‘l'nj of discrete opfibvahons:

Tx Tx
WXBX > X WXBX@ X
-rrwl U oMy lt? — WNJ/ h lt?
W s Vs x B W s B

Then the functor r is constructed by +he universal Proper-hﬂ
of the pullba ck,

th

/_\
Ty

WigX === = ZrgY — Y

-
"wl ﬂzl Li
W » Z > B

5 K
W\’\‘IIQ 'H'\e V\Q‘I’MVal '['ranS‘FormaHon J) s -“'\2 l‘lOVFZOn‘l'a' composf'l‘e:

T x \p

O
WXBX © X Tt A
\_/ \_/

h ¥t
Note that for € with pullbacks , we also have a 2- category CO'F(C),

wheve a 2-cell ‘P%X:B—'—?A may be specified by:

BO

/l’c I

A,




§2 A Yigh+ a\c\:)o'mf: the monoid of admissible sections

We would like 40 construct a right acldoin'l' +o +he inclusion.
c £f.f

Mon 1 Cof

L

I"I

How can we construct a monoid from a Ca"‘eaoﬁ:’?

IDEA: The elements of +he monoid are like vector fields on the cat.

EXo\mPle (S‘Pi\mk) M\Oexs)t Consider o full subcategovy of (lN,s) X (lN,s) :

o—).Q ._sf“ 9‘ ._,?-
/./_’ I T At each object, choose an outqeing
rS) @ — ¢
g ._)I ./“ ._;[ arvow to 3e.+ a -(:am'\lljz (alt(°‘))qu
i

Definition: The monoid of admicsible sections (A) for a category A

IS a monoid whose:

> elements are families of morphisms (QL{"(’“))«&A
*unit is the family of identities (a 225a), ¢4

'MUHiPlico«'How Is given by:
O t(ay° Ta
—

St(a)),en

(Q.i)t("‘))ae,.\ X (a,ls(a))aeA = (a_

We will see there ave several equivalent characterisations of this monoid.

Note that [M defines +he object part of the right adjoin‘l’:
F £.f.

Set | L Mon | L Cof
) o
1 IN IN

l ! !

M (A) ['(a) A



EXGME]QS
° I'F Aois a discrete c.a'\'egovr3, rl(Ao)’_%’. ﬂ.

. ,'F A 1S a codiscrete CQ+eso(c.3’ rl(AB_ﬁ_.’ End(Ao);— Se—"'(P\o,Ao)
’ l'F M is a monad ) thenw (MY &EM

+ For any category A, the commutative monoid of endomorphisms of
the ic\en+}+tj transformaton End (15 )= Nat(1a,1,) is a submonord of
the centre Z(M(A)) of [(A).

- (Garner): The grovp of extended inner avtomovphisms of a category

A ¢ Cof is immovplnic Yo Ris(A) , +he group of bisec:\'ioms, which s
the same as the greup of inverfible elements of M(A).

‘ (Agu’mv) Recall that a categqory in Grp is the same as o crossed
module of grovps. The monoid of admissible sections of such o
Ca‘\'egth3 'S equ'lva\en{ +o Whitehead§ monoid of devivations of Hhe

crossed module.

* The 2007 paper ' External devivations of internal srouPoialg" by

Kasangian, Mantovani, Metere jand Vitale also studies this monoid.

. E\/enﬁ 2-cell T:Y=¥:R—— A tjie.lcis an element of T'(A).



PYonsi'l'ion‘. The monoid of admissible sections is isomorphic to the

hOM Ca+e. 30(3:

["(A):= Cof (1, A)

PROOF: (Consider a morphism in Cof(1,A) given by:
\ AO :
YA
1 ¢ U”c A

A

Ao
Since 1 is initial in Cof, the category eof(]j_’A) IS & monoid.

The Cmmponen"‘S of the natural frans formoation T give exactly a

-Fam'altj of morphisms (Qi’t@))aeﬁ\ , that is| an elament of [M(A).
Moreover, vertical composition of 2-cells corresponds exactly to

CO\Mposi'l‘ion in ' (A). O

Corollar5: There is a functor [ Cof —> Mon.

PROOF: Civen a cofunctor B—— A, We get a morphism of moneids
by whiskering Cof (1,B) —— Cof(1,A). O

Note the statement that T'is a right adjoint translates to:

Cof (M, A) ZMon (M, Cof(1,A))



Propisihon:’ﬁ'\ere 1S an ao\\')\md'ion of cq‘regories:
| SEREE

Mon | L Cof
r

PROOF: The unit of +he adjun ction is a natural isomorphism,

and the Counit can be constructed as the cofunctor MA)—+ A :

A
e,}

r'(A) ® — S o
(Qﬁ) t(a))aeA

ln other wovds , the counit "evaluates" the family at an object
X €A to get a morphism Ty € A. One may show the required
identities for an ac\jur\c_-\-lon hold. u

Aside: Recall admissible sections (mwphisms' in Cof (1, A)) are
the same as cofuactors IN—>A (objects in eo-F(lN,A))_
What is the velationship between these ca'\'egories?

Let M be a monoid congidered as a one-objec} c.a'\'e.jof3.

Then we may construct a cateqory M whose objects are
morphisms in M (elements of the monoid) | and whose hom sets
ave given by I<>\(§,3\={m€:/\/l | mef = gemi. When
M=Cof (1,A4) | then M= Cof(IN,A).



Internal perspective
Wlmj is ['(A) called the moneid of admissible sections?

Fov a category £ with pollbacks (think £ =Set) we can define
a 'Fuw ctor [ Co{(&) ——> Mon. which +akes an internal

category A to the monoid T(A) whose underlying set is:

F(A\ = io- : AoéA, | do°°_ = 1;\,% ’—'-'%SCC'HOV\S +o the domain Mmap alo.g

: ® : : .
Given a cofunctor B—A ,we can obtain a morphism of monoids

rl(@)% F(A) in the ‘Fo\\ow'\nﬂ Way:

B o "Bn 1xo % S '-P,(ixd"‘(’)
N A \ / \ /
B

This is (vv\ore o¢ less) how P\?)U\'\ow originally cle{:inecl M

Howe,\le.\(, unlike the Pve.\/ious definition , " no Ionaer appears

as a ris\n+ acl\')oin'l‘ to the inclusion Mon (€) — Cof (€).
Can we fix this?

IL\SSUVV\P'HOV\‘.LQ.'I' E. be Qa Ca+€30r«j wi-Hn FEV\H'Q 'fm”'s
svch that -Fov every obja(','l' B°68 )'Hne -Fun ctovr

Bo*(‘)
E ? 8/30

has a clhosen right adjeint fa.: S, — €.



Proposiﬁon: Undev the aSSUMPHon above, Mon (€) is a

coreflective subcate gory of Cof (g).

Mon (€) % Cof(€)
r

PROOF: Consider an internal CQ‘I’Q%OV'S B ¢ Cof(¢).Define:

M(e):= G, (B,=B) €¢

Since B.x(-) - Me., We have a bi\jecﬁom between :

Box — B,

Z——T(8) \ A

lV\ Par‘l'icM\ON, w\'\e.vs Z= 1,we ha\le a corresPondewc_z be+ween

"elements" 1—>T(R) and sections of do:B,— B..
We can ghow Fhot T'(B) is an interna) monoid in € us]na +he

diagrams for B as an internal category in €. For example, the

UV\.\‘I' o‘F ‘H‘\Q_ monoia\ comes -Frorv\ -H'w. io\en{'i'l'y qu:

B,——B 1 —— ()
N A
Bo

MUH’\[D\\ cotion for the Monoid (plus theaxioms) also follow.




To see functorality of r'; consider a cofunctor (@,,¢):B—A

Mo, e(%x1)) .

A, x(B) s N ——— A, ') —— M(A)
\)11‘ %

One may check that the monoid howomorphism axioms hold.

To see that the unit of +he adjunction is an isomorphism,
hote that for o moneid M, we have a bjjection:

Z >['(Mm)

7 > M
1
We can eas}[.? show that M= (M) follows.

anall\f) the counit of the adjunction at an intevnal
cod'egong B IS +\/\Q. intevnal C.O'Fun ctov (3iw.w as o Span

of intevnal Ffun ctors) below:

)
1 Bo 17‘80

T .“.:,\ ]\Jo € is the counit

™, of the adjuncho
[(B)«—— B.xI'®) —&— B, f the adjunchion

l d\al J/a\. Bx ()T,
1 B, ———B

O



SuMMARY (IF SHORT ON TIME)
*In §1 we saw that there is a Z'Cod'eaon Cof of small

categories | cofunctors | and 2-cells.
* Furthermore, we saw that cofunctors and +heir 2-cells
could be undevstood via diasrams in Cat.
*ln §2 we Proved that the cate gory of monsids (s a coreflective

SVbCO\"-QaOij of CO'F.‘

c_f-f

Mon | L Cof

N

=
* We saw thet the r(gh)‘ o«clJ'oin"' )w\/\\cL\ talees a Ca\“'esonj o 7+s

monoid of admissible Sections, has several chavacterisations
including as the hom category M=) =Cof(1,-).

* Moveouer +his adjunction generalises to the internal se-H-\'nﬂ
with suvitable assomptions on £.

DIRECTIONS FoR FUTURE WORK

‘|t is possible to construct a double category of functors and
cofunctors from $pom using Pare’s vetrocells. What can we
learn froan this FQVSPec‘\'i\Ie.? What properties of Span allow
us to represent cofunctors as spans?

‘Replacing € with a svitable moneidal cateqory V, we can
gevievalise the above adjunchon to involve monoids and categories
in V (+his is ot Aguiar did) and obtain string diagtam proofs.

' Ave there other exXamples of T'(A) in +he literature? What

'In'\'e.ves"ir\g infovmation about A does 1+ contain? Applications?



