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BACKGROUMD= THE CATEGORY OF ELEMENTS @
Given a fuactor F=B—?Sef, We may The YQSUH’Mj Pr°3€°'|'1°"‘ fuactor,

constrvct +he -following comma Category: J\F T B
JF ’ l hoo —
s?nale'sl':: t"e.t (b ? x) °
T 2 / % L/ isa discrete op-ﬁbm‘l‘ion.
3\

° )
) € e-Tive

B = ’é/et fl

The ca.'l'eaorg of elements IF has: 8 feT)b
- objects ai\len by pairs (beB,xeF,) Conversely,every discrete opfibration yelds

. int .
« mor phisms (b,x)—(b',x') given by a functor into Set

B:b—b'eB such that x'=F (x). DOpf(8) 22[ 8, Set]



:DOUBLE CATEGORIES

A double Ca,'tegorﬂ IN consists of:
¢ a collection of objecis AB,-..

e horizontal morphisms f:A—B, ...
* vertical Morp\nisms U: A—/—’A',...

- cells given by dia3ram5=
£

A——8

u{[ ot le
Al 3 aBl
Horizontal composition is strict, while
Vertical composition isassociative

up to comparison isocells.

Main example: $pan

. Ob\"ec’rs are sets;

* horizontal morphisms are functions;
*Vevrtical morphisms are spans;

*cells are span morphisms:

f

—)B
t

A
u.T v




.MORE EXAMPLES OF DOUBLE CATEGORIES ®

- The terminal double Ca:fegovg 1.

° Everﬂ 6a,+esonj B Maﬂ be mO«de. in‘l’o
a. dovble cateqory VR which is hor(zovﬂ'a“n
discrete,and a dovble category IHB whidn
is vertically discrete.

A A A—f-g
cell in -Fi i-F H cell in
VR HB
B———B A Tm,

- For each cx\'esor5 B, Hhere is also the
double Ca\{'esor\j of squares BB, whose
cells are commutative squares in B.

A{:—>3

cell in
| ] “ad
C—D

R

* Rel : double cateqory of sets, functions,

and relationg (jointly monic spans) with
usval composition .

Par : dovble co:l'egor\j of sets, functions,
and partial functions (spans with monic
lef+ leg).

A ¢ <X > B

Par*io\ functions
are velations

N S &
'.\___/w‘—" ¢

« Myl - double C.orl'egor«j of sets, functions,

and multi-valued fuactions (spans with

epic left leg).
A e¢e X »B molti-valved
functions aren‘t
o P . always relations
o= " .
° —* °
~ >




{.AX DoUBLE FUNCTORS ®

A lax double functor F:/A—1IB is

given by awn assignment,

f

A——8

u{[o({v

A'——B'

3

which preserves horizontal direction strictly,

FA—1—F8

Fu.{ Fox {F\/

FA'——FB'

Fq

vertical direction vp to comparison cells:

FA FA FA—FA

Fu 1FA‘I1 ¢ (A) ~LF(i,‘)
FB dus) |Fluev)  Fa FA

FVJ; Y + ha‘fwrullv, 8 cohevence
Fc FC conditions

- Also have Colax,normd,s-}-rong,qnd
strict double functors.

° EXample.'. A lax 'Fonc'\'or ']Lé $pcm 1S

+he Ssame as a small cate qory.

Ao———A,
o~

S T A, Re  demain

A, S 1 t /
n T 1 S

° L]

AI%A| Ao;’ A. d .
- J’ ,t . * CoOGomann

' Alcoﬁwosa';on + 1 identiies L o /
t l J A,——A,

*A lay ‘Func,'l'or ﬂ_ﬁ"le.l is the same
as o preovder.



HORIZONTAL TRANSFORMATIONS ©

A herizontal transformation t:F=aG Propos'd-ion: Given /A and B, there is a

between lax double functors F,G:/A— B | category [/A,IB),,, whose objects are
consists of : lax double functors and whose morphismg
are horizontal +rans form ations.

* for each object A in /A, a horizontal

. i -coteaqo Dbl .
MorphiSm tA: FA—DCGA iIn IB; Coro\lanﬁ. Theve is o 2-co egory lax

O'F double ca+¢3°r;es W;"'L\ |nMM$ DAtlBJ)“x.
'-Fov eaclh vertical Movpl‘\ism u'-A-H’B

N /A, a cell in [Bt E'xample-. [ﬂggpq"‘]lnx pd Gm’c
FA—225cA A o8,
A 'y
Fu{ tuw J:Cm s (3 qssisnmen+
; |7 o hisms
e R ass smvu.v\‘i' A, £\ B, on Mmovp

+8 on one cts

+ t
+ natuvality & cohevence conditions \v— )
Ao .F_’Bo




CATEC\ORH OF ELEMENTS FOR LAX DOUBLE FUNCTORS (9

Consider a cwl'esorﬁ R and a lax We may construct the following comma:
double functor F: WVR— $P¢m. jl: 5 1_ shrict
*For eaclh b€ B, we have a set Fy. do:;\oeo-s?{sctr
*For each morphism X:b—b' we have ye m Iy :‘_'3'- o
@ span Fye— Fe—Fyy Mt | |
« Together with merphisms of spans: functor! VR > SPQVL
VbeB VbZab' SobteR

E‘b ib Ef’ e The Cadeaonj of elements JF has:
: t(b) : o c(x,B) s . objec'l's gi\len bl.J Pq'\fs (beg,x € Fb)
1Fb_7 Fa,, F *vR—F g« + morphisms (b,x)—(b',x') given by

J wt £ J ¢ B:b—b'eB and UEFp such that

AL Fo Fen s(wy=x and t(u)=x'.



.FUNCTORS AS LAX DOUBLE FUNCTORS

Theorem: Given a Corl'egowj B,
[\VB , SPaV\] n G"'"l'/e .

PY OO'F (s\v.e.{-ck) . For eaclh F: WVWR — Span
We obtain a functor,

JF ——e

lax

(b,x) b
(B) | Lrs
(b‘lx') b!
and blj +he vawersal properi-:, of +he comma :
F SF LN v

VR _¥T] Hpan
C

Conversely, given a functor £: A 0B,
ole.-?{ne a ’GX douue ‘FUI\C‘l'oY \VB i’»ﬂpan
Via the fibre sets:

Fb = 'F-‘(b)f-{a.GAl-Fa:b-k

Fp = {u.:a—»a'éA l Fu:B-‘b—’b'}

P . .—-4.
o ® .\ o =P° -
. . \. °

Fuactors h: A—=C such that £=gh yield
herizoantal +ransfocamations via restrichons
}o the Kbres h, : £'(b) —g°7!(b) ,etc. O

See "Yoneda theory for dovble Ca+esories"
by Paré for stronger resvlt,



SPECIAL KINDS OF FUNCTORS
cLax functors WB — Rel

° Norwml la)( -Fonc:l'ors \VB S $Pom
Correspond +o functors with discrete
fibres.

* Strongpsevdo fuactors WR — $paw

COV'YQSponA +o discrete Conduchié
fibvotions. That .lS,-Func'\-ors' with a

Cevrtain l'lF-FmS property:

A a—E—Ha
SN 3 72
'F ‘Jx/

B fa fwo

unique
factorisahon

l;'F'\:ms

O,

Covrespond +o faithful functors.

*Lax fuonctors WR — Rel “55;3";“3

each morphism B:b—>b" +othe Span

Fo <= F,xFr —>Fgt are folly faithful.

*Lax functors WB — [Par cerrespond

Yo farthful functors which SG-‘F'S'F‘1 a
cevtoun proper'hj:
w a' uniqueness of
A o — li€ts
V> a' f fu=fu=h

'F]/ $ren u=vVv.
€]

B b—b'



:D ELTA LENSES

A (delta) lens (+, ?):A =B between Proposition: Evenj lens can be represented

Swmall categories consists of a functor as a commutative dia gram of fum ctors,
1: A— B tegether with a fuaction,,

Aoxe B, —F— A, V/A\wc
A » B

(a.,u,:{a,-—)bS —_ lP(q,‘u\:q,——)P(q.u)

o . +h ° . -
Sa.hsfgms e axioms where ¥ is bijec*‘cve-OV\'Ob:]ec'l'S and f is a

(1) 'F\P(a.,u)z w discrete opfibration.
() ¥(a,15)=1a A a2E pa
6Xl8+¢nce
(3) P (a,vew)=P(pla,u),v) o (a,u) £ : ' of chosen
' ' li€ts + axioms

where p(au):= Cod(kP(a.u)) B fa —b



LENSES AS LAX DOUBLE FOUNCTORS ? @)

For each small ca'le.ﬁonj B , there is a ca"’esorﬂ
Lens (8) whose:

- objects ave lenses with codomain B;

- morphisms are functors which make the

-Fo\\ow'mg J;aamm commute:

Central quesﬁom Does theve exist a
double C.ov\-esowj ID svch +hat .

Lens(B) ~ [vB, D], .«

e [D should be c\ose‘t:, reloted +o

both Q(Set) and Epan ,since

lenses involve both discrete
OP-FIbro.-HonS and {uonctors.

° NO'{' C\JQVEJ —Func{'of admits a lens

struckure | can we find necessary

COV\A.V".\OV\ S?



MULTI-VALUED FUNCTIONS ®

° Reca” that o muH'i-Valued -Func{'(on « This proper‘-sj 1S ne CeSsavry fov a
is given by a gpan of functions: -func-l'or 10 have a lens céructure,

'/2 \ but not sufficient!
X Y . E)(owv\P\e_: Congsider oo functov
* A lay double functor VR —— /Mult — h= h?
i W, —F oo Ak | =k
Corresponds 4o functors with a OA(_BQ fozl =k?
3 ="~

CCV"Q‘H\ ‘.\'F“’:('\S Prope(*-b:

A a AR
existence of

lifts _ 4
£ u vu=1x
j/ aw s-t. ‘G.N:u. 1’(OX(THQ“ uv = w

“ 56
B fo o By (3), P (A, veu)=p(B,v)s (A u)
o |f theve exists an opcartesion [\t €or = 9°- = h
each (a,u:fa—=b), then f is an op fibrotion. By (2), W(A,vou) = (A, 1x) =1pa # k. -



DICRESSIONIA CONSTRUCTION ON DOVRLE CATEGORIES

Let /A be o (vartal) double C:*I‘e.aonj. e cells with boundourg h:A—C, k:8-D,
1 bl + A porth: C
There is o double ca e?or‘j A w . o (A A u) and fl;(C \,) given by
e Same objects and horizontal morphisms f 9
o vevhical movphisms given by cells: cells, A—r ¢
— o
1 j: < {u B8 —bD
A——8 suct Haort © L
e \Jevtical C.OMposH-;on and identities: A A ¢
A A A 1{ . “f v f"
1+ :i:u, J:u. A A A 3 8 D
VTB 8 - :I: 1 :I:l A —h . C
174 1{ ! {v A A . 1{ 1 11' 3 i’\/
A 7 B . 3C A - »C 3 D



CONSTRUCTION (CONTINVED)

° "rbere \S a S‘\'rong double Functor « | A has c,ompan'\ons,-l'he.n U has
K —> (A which is the identity on a left adjoint F which assigns eaclh
obje.c{'s[hofiz.of\‘\"“ MovphisMs : vertical arrow 4o 15 Companion:

A A A A A A
1]: X {“ {u. l’c 1{ O ]:4'*
AT)B B 8 AT)B

°TL\Q un.\"' -Fov e ad\junc:l-?on is the
~ L . . identity ,and the counit is given by the
/A —_— @. (HDY/A) gl\/eln on vev-hco.\ unIVe VS“I,P'°PQ(+‘1 o€ +he c.ompw\‘uonbcel):

e Theve js also o s-\-ror\s double functor

movphisms by: A A A A
A A A 1]: X i»u f% 3 ]:u.
1y o« g [# A—p—8 8 8
ATQ B svch +that 9,& = .



THE' DOUBLE CATEGORY OF SPLIT MULTI-VALUED FUNCTIONS (9

Ne may qppl\j our construct +o /A= $pcm. - Ver¥ical composition is given by pullback:

The double category of sPIH- mo i -valued “‘/X"a‘(
fuonctions sMult has: A‘h"h

. ob:)ec.-\-s are sets

&‘\ //\

° A cell ;S o CoM\Mufa'H\le alcaafarv\:

e hovizontal morphlsms are functions

° Ver.l—.‘(_‘_a‘ Morphisms ave C&“S l..n $PQV|'.

£
A=——=A _ split epimorphism A ——A
4 N . \
1,.} s/ hl “\5 "-l Ts t'g=ht
A —R ¥ X T)X‘ s'g=1s
1, t tJ{ ' qk =k'f
Mt R forqet B —p!
A th B S"'\:Df'h'rt \ h B / -P.r’g"‘ pf'p'f":’
I.e. split multi-volved fuachon s

sMult — IMul+ — $pqn



\A.N ADJUCTION OF DOUBLE CATEGORIES

We have awn ad\"\m ction of double The counit for Hhe adjunction tekes o
Cod'e.gories (iv\ the 2-cateqory Dbl ) : split mulbi-valved fnchon +o +he cell:

A A
3 [ ]
- > 1 Rl |s ‘
R (Set) 1 sMult A Notice the
<€ A _)x| hovizonteal
R LR R l Components
t identihes.
Tl'le_ Yls\/\‘l' adjo;n"' kaS aC'Hon on c_e,[l_g, J are rden
) B
A—F)A‘ Tavs we have a hovizentel +rangformabo,
hl “‘s h‘l Ts' A;A‘ between shrict dpeble functors:
‘e 8 . R (Set) ¢
X' t kl J/t k. A N

— ve ¥
L' B g SIMUH’ > 5’MU1+
——8' Nofe +thot DOpf(B)2 [WB,® Set]



LENSES AS LAX DOUBLE FUNCTORS INTO SlMUHZ ®)

Thl axioms of o lens ensore these splﬂ-
molFi-valued fRnctions behave well with

iens (B) = I_‘\VB) sIMuH]\“ identities and composibon, o give o lax dovble
foactor F: VB — s/Mult.

Theorem: Givew a Ca‘\'egwy B,

Proof (sk.d-c.‘ﬂ)’ Given a lens (¢,¢): A B,

for cach u:b—b' EB, we have a span

from the fuackor f: - -
F covait for +he previovs adjahc."';or\‘.
'5/ w \t’ bijechve-on-objects

S JLrfF——[F 1

Con\lergd\j,aiven F: VR —s/Mvult, we get
o lens via +he Comma consfrvehon and the

g\l'\' ‘FYOM ‘H'\Q co'Fvnc_+oV qu{" OF +he (QV\S,
for caclh a €Fp and u:b—ob', theve exists - ™ | 2 ,/ > 4
P(aum):a—a' € Fy | qiving the following: T
Fu discrete T LRF Y
So‘?:i s/ﬂp \t’ OPGBV&HOI\ \VB {l/E..F ’SIMUI+

Fb Fbl J'_' 0



SUMMAR‘J & FURTHER QUESTIONS

. Discrete OPF\bYa‘HonS are special kinds |. [what is the cod’esorﬁ +\r\eowj

. - A4
of lenises, so we weve motivated +o undc_vhjmg the construchon of /A ?
gem.\ral\se. 4he Cq"'eaor5 of elements: e Con we see lenses as lax novmal dovble

DOP'F(B) ~ EB, Se'l::, functors WBR — Mod (sMuy) ?
* We examined o 3e\n¢raﬁggd version * [Wheat are the expono.n-\-{ab\e. objects
'."V°‘V"V‘3 lax double functors: in fens(B) ?2 For which B ?
God'/B n [\VB SPQ_V\] ¢ Can we chavactevise phich lax dovble
: lax functors WB — sMylt yic\d spiit
°* We Saw how special kinds of fonctors op Fbrakons ?

could be obtaned b‘j YCS‘\‘Y':C‘HI\s this vesult. | » Plrc.v'now‘\) we Saw fhat Lens (B) is

° The. Mmawn result was +o show: Monadic ovey Ga+/3; Con We sof\v\ a

LQHS(B) ~ [\VB,SIMUI‘Q\GX cleaver pevs pec.-\-Ne. via the adjuncﬁov\:
[V8,sMul),.. = [VB,Span]

lax
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