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BACKGROUND THE CATEGORY OF ELEMENTS

Given a functor F B Set we may The resulting projection functor
construct the following comma category

Jf it B
IF 1 choosesa 6 c b

Singletonset

it I isadiscreteopfibration
F

v v E e e

B F Set t

B fe bthe categoryofelementsSF has s

objects givenbypairs beB Eff Converselyevery discreteopfibrationyield

morphisms b x b d givenby
a functor into Set

B b b'EBsuchthatxi F.CH D0pf B B Set




























































DOUBLE CATEGORIES

A doublecategory 1Aconsistsof Mainexample pan
a collectionofobjects A B objects are sets

horizontalmorphisms are functionshorizontalmorphisms f A B I

vertical morphisms are spansverticalmorphisms2C A 1 A
cells are span morphismscells givenbydiagrams

f f
A B A B

n n

U Q V u v
v v k
A B X i
g

horizontalcomposition is strict while u v
v

vertical composition isassociative A B
g

up to comparison isocells




























































MORE EXAMPLES OF DOUBLE CATEGORIES
The terminaldoublecategory 1 o Rel doublecategoryofsets functions

and relations jointlymonicspans with
Every category B may be made into usual composition
a doublecategory.NB which is horizontally par doublecategory ofsets functionsdiscrete and a doublecategory IHBwhich s

isverticallydiscrete and partial functions spanswithmonic
f left legA A A B Ae eX B partialfunctiocell in cell in are relationsf r fNB v v HB

B B A
f B

Foreach category B there is alsothe oMutt doublecategoryofsets functions
double category of squares B whose and multi valued functions spans with
cells are commutativesquares in B epic left leg

A f B A ee K B multivalued
cell in functions aren

h g o o alwaysrelatio

u QB
C ID o o

o

k




























































LAX DOUBLE FUNCTORS

A lax double functor Fila 1B is Also have colax normal strong and

given by an assignment strict double functors
f Ff

A B FA FB Example A laxfunctor 1 pan is

U Q V F Fu Fa Fu the same as a small category
v v v v Ao Ao
A B FA FB s Ao Ao domain9 Fg A S

which preserveshorizontaldirectionstrictly to
1 S

c ivertical direction up to comparison cells Az A Ao Ai codomain4 T
FA FA FA FA f composition t 1 identities tf
F u vur IFA A F 1a to Ao Ao
v v v Ao AoFB0 un F u V FA FA

Fv A lax functor 1 Rel is the same
naturally coherencev v as a preorderFC FC conditions




























































HORIZONTAL TRANSFORMATIONS

A horizontal transformation t F A Proposition Given IA and 1B there is a
between lax doublefunctors F G 1A 1B category EA 1B a whose objects are
consists of tax double functors and whosemorphisms

for each objectA in1A a horizontal
are horizontal transformations

morphism tA FA GA in 1B Corollary There is a 2 category Dbliax
of doublecategorieswith horns LTA 1B ax

for each vertical morphism 2T A B we couldalso consider stricter versions

in IA a cell in 1B Example 1 Span ia Cat

FA
t A
GA to Bo

n n

Fu tu r au s 5 assignment
u ment f on morphisms

FB TB GB on objects At Biassign

y
t t

naturality coherence conditions v u

Ao Bofo




























































CATEGORY OF ELEMENTS FOR LAX DOUBLE FUNCTORS

Consider a category B and a lax we may construct the following comma

double functor F NB pan JF I strict
doublefunctor

For each b EB we have a set Ff choosing a
Singleton

For each morphism K b 76 we have f Tt k f
a span Fbe Fa Fbi This is a u

functorTogether with morphismsof spans NB panVbEB Fb b b EB F
Fb Fb Fb Fbn n n ThecategoryofelementsSF has
I s s o s

ith cfe.rs
oobjects givenbypairs bEB.scCFo

Fb Feb Fa b'Fp FBQ omorphisms b x b d givenby1 t ti I t
p b b'CB and UE Fp such thatu u u u

Fb Fb Fb Fb g u x and t ul K u X 7k




























































FUNCTORS AS LAX DOUBLE FUNCTORS

Theorem Given a category B Conversely given a functor f A B

WB pan a
e CatfB

define a lax double functor WB Span
via the fibre sets

roof sketch For each F NB Span Fb f b a C Alfa 6

we obtain a functor

IF IT B
FB 4 a a'CAt fu D b b

dom cod
bise b c

B all I 1B Fb FB Fb6 c b
andby the universalpropertyofthe comma

Functors h A C such that f gh yield
y

horizontal transformations via restrictions
F SF SG to the fibres ho f b g b etc I

VB pan nut see Yoneda theory fordoublecategories
G B by Pare for stronger result




























































SPECIAL KINDS OF FUNCTORS

o Normal tax functors WB pan o Lax functors NB 1Rel

Correspond to functors with discrete correspond to faithful functors

fibres o Lax functors NB 1Rel assigning

Stronglpseudo functors NB pan each morphism B b 76 to the span

correspond to discreteConduchE Fb FoxFor Fbi are fully faithful
fibrations That is functors with a o Lax functors NB Par correspond
certain lifting property to faithful functors which satisfy a

A a w at certain property
y
F unique a uniqueness of

F K factorisation A CL lifts

lifting a if fu fv B

B fa fw fat f then u v

B this implies
4
f B b b

discretefibres




























































DELTA LENSES COPY PASTED FROM
PREVIOUS TALK

A delta lens file A B between Proposition Every lens can be represente
Small categoriesconsistsofa functor as a commutativediagram of functors
f A B togetherwith a function A

AoxBoB
4 A P I

L v
a u fa b i Ham a Plain A B

fsatisfyingtheaxioms wherehe isbijective on objectsand Fisa
l fPla.ie u discrete opfibration

Uca.u
Z b a Ifa 1a A a plain

3 Ha.vn 4Cpca.ul.v1o4Ca.u f FishesL
lifts axioms

where plain Cod Plain B fa 476




























































LENSES AS LAX DOUBLE FUNCTORS

ForeachsmallcategoryB thereis acategory Central question Does there exist a
Lens B whose doublecategory ID such that
objects are lenseswithcodomain13 Lens B e NB ID lax

morphisms are functorswhichmakethe
followingdiagramcommute

0 ID should be closely related to

both set and pan since
he r lenses involve both discrete

µ If gffy i e functors h that opfibrations and functors
preservethechosenhA C lifts o Not every functor admits

a lens

f g h4Ca4 8 hair structure can we find necessaryJ L
B conditions




























































MULTI VALUED FUNCTIONS

Recall that a multi valued function o This property is necessary for a
is given by a span of functions functor to have a lens structure

Z but not sufficient

X Y o Example Consider a functor
A lax double functor NB Mutt gf h h2
corresponds to functors with a

h
A e tog BDK fg k k2

certain lifting property
FwA a 7 a

existence of t
lifts u 1 xf

3 w s t fw u 1 Xe Y YDw u w
v

B fa 4,6 By 3 4 A ou 6 B v o4 A u

If there exists an opcartesian lift for g o f h
each a a fa b then f is an opfibration By 2 UCA voir 61A 1 x 1a th




























































DIGRESSION A CONSTRUCTION ON DOUBLE CATEGORIES
Let 1A be a unital double category o cells with boundary h A C k B D

There is a doublecategory A with
same objects and horizontalmorphisms

Q A fee and B C of V givenby

vertical morphismsgivenby cells cells A h c

A A u y v E IA
1 a u C IA v v

B ID
v v k
A 713 such that nf A A C

Vertical composition and identities
1 a u y V

A A A v v v

d u u A A A f
1B k

ID

v v v 1 I I hA B B A C C
f v v

r e d r v A A I 1h 1 p V
v v v v v v
A 713 7C A C IDf o n g




























































CONSTRUCTION CONTINUED

There is a strongdouble functor off 1A has companions then U has

KT 1A which is the identity on a left adjoint f which assigns each

objects horizontalmorphisms vertical arrow to its Companion
A A A

A A A
f I I 1 O ftI d U I I r U v v v

v v v B A B
A f 1B B f

There is also a strongdouble functor
0The unit for the adjunction is the
identity and the counit isgivenby the

HI U Horta givenon vertical universalproperty of the companion cell

morphisms by A A A A

A A A tf 1 d u F f E u
u u u u

1 d U I i f A f B B B
v u v
A f B B such that 01 E D




























































THE DOUBLE CATEGORY OF SPLIT MULTI VALUED FUNCTIONS 0

We may apply our construct to 1A Span Vertical composition is givenbypullback

Thedoublecategory ofsplitmulti valued BY
it

L ft k't vfunctions slMult has X y

objects are sets if t j f
A B C

o horizontal morphisms are functions
vertical morphisms are cells inSpain A cell is a commutativediagram

f
A SAA A splitepimorphism a

k s k s t'g ht
1a S

we reallywant u v
k X X s'g fsA X isomorphismclasses g

t of these but lets t t gk k f
IA v v
u ignore thedetails forget B BA
t k
B structure h y

forgetproperty

i e split multi valued functions SMult Mutt pan




























































since pan AN ADJUCTION OF DOUBLE CATEGORIEShas companions

1
We have an adjunction ofdouble The count for the adjunction takes a

categories in the 2category Dbl splitmulti valued function to the cell
A A
n n

C L ta k s Notice the
set L slMult u

e A horizontal
R k components

th t are identities
The rightadjoint has action on cells v v

B B
f

A A Thus we have a horizontaltransformationn

k s k s a f sa between strict double functors
v v set LX X I s th t k

g v v HE slMultt t B B SIMult
v v h
B B Note that Dopf B NB Seth




























































LENSES AS LAX DOUBLE FUNCTORS INTO SIMULT

Theorem Given a category B The axioms of a lens ensure these split
multi valued functionsbehave well with

Lens B LTVB slMult a identities and composition togive a lax double

roof sketch Given a lens f y A B
functor f WB slMult

for each u b b EB we have a span Conversely given f NB slMult we get
a lens via the comma construction and the

from the functor f counit for the previousadjunction
s Fu t bijective on objects

F YI SIRE JE I
3ut from the cofunctorpartof the lens
for each a C Fb and u b 76 there exists IT

IT
4 a ul a a E Fu giving the following p v

s Fu discrete NB LRF slMult
So4 1 ff

t
opfibration 0

F Fo f a




























































SUMMARY FURTHER QUESTIONS

Discreteopfibrations are special kinds What is the categorytheory
of lenses so we were motivated to underlying the construction of HI
generalise the category of elements o Can we see lenses as lax normatdouble

DOpf B B Set functors NB Mod smut

We examined a generalisedversion What are the exponentiableobjects

involving tax double functors
in Lens B For which 13

C.at B NB pan a

Can we characterise which lax double

functors WB simult yield split
We saw how special kinds offunctors op fibrations
could beobtainedbyrestrictingthisresult o previously we saw that Lens B is

The main result was to show monadic over eat IBI can we gain a

Lens B e LTVB slMult a clearer perspective via the adjunction

IVB smolt a NB pan a
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