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OUTLINE OF THE TALK

Lens(8)

u

WV

C at /B

GOAL:

Skow that the 'Fovfse"'-rul -func."'or WU is monadic

a) Construct a lef+ adjoint F.

b) Prove +he equivalence fens(B) 2(ea'.l:/B)

ur

PLAN:

1)Ba.ch3rouno| & motivation
2) Main theorem

3) Some iMp|ECq+ions




®
BACKGROUND= DELTA LENSES

A (delta) lens (f.9):A =B between Proposition: Every lens can be represented

Small Cod'esories consists of a functor as a Commutative dia gram of fum ctors,
1: A— B tegether with a fuaction,,

Aoxe B, —— A, |‘P/ : \i
A ' B

(Q.,u.tfa,-—)lﬁ — lP(q,‘u\:a.——)P(q.u)

Sa.hsfgms the axioms: where ¥ is bijec{.‘,ve_on-ob:lgc}g and -_F- IS a

(1) -F‘P(a.,a): w discrete opfibration.
(2) ¥ (a,1g)=1a P CTC AR

(2) ¥ (a,veu)= P (pa,u) v)o P (a,u)
"P(‘l ‘u) w

where P (0 m):= cod (kp(q.u)) a.—>p( fa—b



EX AMPLES: MODEL-DRIVEN ENGINEERING

Source model A o :g?t
OIDs | Name | Expr. | Depart. BRCUUIN I
#A | Ann | 10 Sales i "'
#l | John 10 DB | il '
-2 : ) 1:put !
#M | Mary | 5 ML & ;. put ;

A . B
p1: Project w2:workforce
pid= PME b
/budget= 200 ella B, - Proi
) - LO: p1:Project < q1 Project q1: Project
w1.workforcel IEg; p} g|dd<_ q1.p 1 bud pid= PME
G t < t =
e1: Engineer e2: Engineer Pt q e budget= 200
name= Ben name= Bill
salary= 100 salary= 100
|
Delta App 7 = =~ _ |DeltaAg
LO: p1:Project — p2:Project o N ::81 q(1]1Pr¢I)éect q_> (:)ZdPFOJeCt
L1: e1:Engineer — e3:Engineer - — -,
_IL2: e2:Engineer — e4:Engineer ! :put L02: q1-budget ~q2.budget
A’ B’
p2: Project \
pid= PME w4:workforce \‘
/budget= 150 2: Project
w3:workforcel Delta Ay - 3= _Toler
LO: p2:Project < q2 Project gld; PtME150
e3: Engineer e4: Engineer LO1: p2.pid < g2.pid udget=
J cl L02: p2_budget < q2.budget
name= Ben name= Bill
salary=75 salary=75

Diskin, Eramo, Pierantonio, Czarnecki (2016)

Updated source A’; Updated source A’
DIDsName] Expr. | Depart. OIDs|Name| Expr. | Depart.
ZA A | 10 | Sales #A|Ann| 10 | Sales
# | Jon| 10 | DB i |# || 10 | DB
#M|Mary| 7 ML #M'[Mary| 7 |7 (inlT)

v /

Updated source model A, [

OIDs |Name | Expr. | Depart. I

#A | Am | 10 Sales I

# | Jon | 10 DB I

#M | Mary [p(not IT)| ? (not IT) l
#M' [Mary | 7 ? (inT) \\

Diskin (2020)

Target (view) model B
(IT-departments)

0IDs Name Expr.
#l John 10
#M Mary 5

/| Updated view B’
/ 0IDs [Name | Expr.
#I'| Jon | 10
#M'|Mary| 7
g N
""""" 3
Updated source model A’3%%
OIDs|Name| Expr. | Depart.
#A | Am | 10 Sales
# | Jon| 10 DB
#M [Mary| 5 ML
#M'|Mary| 7 ? (inlT)
— e —— — — — — -



EXAMPLES : BETWEEN FINITE CATEGORIES

Lenses without

State-based Discrete Split Bijec-l’we -on- nirno
lensg opfibration opfibration objec:ls lens opcartesian lifts
Y (—/‘) ° ° ° e ° °
o &0 ° 'Y o — o o ——3 0 o .
o &—oe W 2 e — o @ ——) o o —> o W 2
Equ'.ua\en‘r +o A Chosen lifts Existence Uniqueness

B
lens between // \ P(awm) are ""/ \ of fillers of fillers

codiscrete cots,. A—»B opcartesian A—8B fails fails



gTATE-BASED LENSES AS ALGERRAS FOR A MONAD

monadic
V4

sh 1 ens(s)

T geJC/B

pd
N\

A state-based lens (f,p):A =B Proposi'liov\.: State-based lens are algebras

Consists of a pair of functions,
f: A—8 p:AxB —A
satisfying the axioms:
() fp(a,b)=b
(2) pla,fa)=a
) p(p(a,b),b')=p(a,b)

for the monad:

Set/B ) Se‘l:/B

A-Lg > AxB =8

. E\Iznj state-based lens is fswaorplnfc 40 o
free alsebra i

 This aeneVaJises bg replac’ma Set with
a category with {inite products.



:DISCRETE OPFIBRATIONS AS ALGERRAS FOR A MONAD

monadic
?

DOpf(8)| __ T | Sety,

pd
N\

A discrete opfibration is a functor £:A—8 | T, 1oft adjoint takes a fonction fo:A,—8,

such that forall €A and u:fa—beg, to the free discrete opfibration over B:
there exists a vaique morphism W:a—a' €A f
such that f(a)-u uy « \Veu
O..----)a- 'FowLB b V_)b'
fl : l
fa—25b y

The ';3"‘{' “Jj°ln+ abwe takes a discrete B b ——— b’

opfibration f:A—B to its “"d"-"l‘:)i"ﬂ « This aeneVaJuse.s bg replacm Set with
object assignment fo:A,—B,. a category with pollbacks.



SPLIT OPFIBRATIONS AS ALGERRAS FOR A MONAD

Monadic

SOP‘F(B)

T

V4

pd
N\

A split opfibraiion isa lens 5,0):A—=8
suchh that for all a€A and w: fa—b €B,

the morphism ¥ (a.,u) is opcartesian.

'-P(“t“)
a ——>p(au)

A

J
w e 3!

(ﬂq’))l \/ :
fa—b

B ﬁk\c //

The Yigh‘l’ aol:‘o'm‘\' above takes (£,@) +o §: A —B.

C at /B

Th?. 'Q'Fl' adjoini‘ takes a -Fund'ov f: A—B+to
the free split opfibration, over B-

8

7N\
8 > B

Propos'rl"ton: Algebras for the monad indvced
by +he adjunction above are equivalent +o

split opfibrationg over B.




LENSES AS ALGEBRAS FORA... SEMI-MONAD?

Cat 7 Set fo| DOP'f(B) — Ca.'t/e

A——8 At o flB—8 - f8Eng
* The above endofunctor fakes a functor fo * The paic (S, p) form a semi-monad on Catyg.
the free discrete opfibration en.its underlying
obyect assignment. Propesition:Lenses are equivalent to algebras

e There is a natural transformation ['% SS=S | for the semi-monad (S,IA Subjec:l' t0 an
induced 55 adJunchon for the free dtscre{'e. additional axiom .

opfibration , whose t.omponevd's are gwe,n, by: o pepe = po S

(54) B % 418 A flB ——A . &
f| 9 sf + S-t.
: . RN,
/ l\ N B B n\ /s:
b ib" b‘ w b" -FlB



PROOF (SKETCH) OF THE EQUIVALENCE

Consider a lens (f,¥) depid’ed 63 the Converselg, consider an algebfq for +he
Commu+a'five diagram= Semi—-monad givew btjz
/\ - A 'Fm'rB P—)A
e 7
4 \ i s 5*\, /
A F B B B

We can obtain an a\aebm for (S,P) +kroua\«.

We define P: A x, B,—A, by :
taking the décalage of A: ey " 8o 21 1 by

a

DA 1 w p<a,u)
e} Ny Weray chows st | ¢ ( AR ETICE™S s plaw)
Yol f the paivr (‘F,\Poe) ‘Fa—ﬁb
A - satis fies the previovs
N\
A £ B

 omS We may show Hhot the lens axtoms follow
axioms,
'Frowu +he axioms for the a(gebra.




GOAU LENSES AS ALGEBRAS FOR A MONAD

U

v

Lens()

FOV EQC\’\ SMA“ Ca'(e.gonj B, ‘H'\Qfe 18 a t:cd'eaorﬂ

C a.'l: /B

Lev\s (3) u\qosg- STEP 1: Coms-hmd +he \QF"- adjoiw} _F — u
- objects ave lenses with codomain B; prOPOS'l'l'iO.h: The free le.n.s on a functor
- morphisms are functors which make the f:A—B is COV\S*NZ&M\ via the pushout:

following diagram commute: w
N h >0 / \u

This describes
a functor F

Sf FA g whichisleft
N % l Fi adjoint +o ..



A CLOSER LOOK AT THE FREE LENS

f.18
7 N
FA 7 B

The Pus\nouc\' FA is he Ca+e.aoﬂj whose :
-objects ave pairs (atA,u:fa—b EB)

- morphisms are generated by two kinds:

a;LeA) o' a = A
fa —12 fa' fa fa
1& 14'.' ul lvw.
fo— fa' b ==

fw vVER

The Pu:kou'l' vequires +hat:

1a: (2, 1g)—(a, 1)

NJS

1{:& : (o" 1-&) _)(Q’ 14"«)

€ A

eB

'Wue cwl'esonj FA looks Some_l'hinj like-

A, —/™a,—--- — apn,
fac— fa,— ---— fa..
11 11 lla.
‘f"‘\o—) F"‘\ 'F“M
Il l
1”' ill by
Boi, b.lj b.mh



TI-IE FREE-FORGETFUL ADJUNCTION FOR LENSES
,u' N

iens (B) . T Ca'-l:/B
) F

‘ﬁr\e COW\POV\QV\'\' Q'F -|-l,\g c,ou“"-[- at a Ig“s (.;'q;) ﬂ\e COMPOV\QV\+ O'F +he. Uyn'l' q'l' a -Fonc‘('or
is induced by the counit from the adjunction | f: A—> B is given by the pushout injection:

for the free discrete opfibration :
e pfibrati Mg FA
£
£.18 ad A The covait takes .F\ ‘/}{:
W
¢ \F 78 PN G e
to w:a—a' and The functor Mg takes w:a—a' 4o +he
E'e)ij >A (Q|M’L§(q'vou) W\OVPh.lSM W (q,i;‘\__, (Qt.l‘c..).

YA
\( / $o the chosen lift .
.F'F £ ‘?(p(a.u\,v) One can s\ow that the -h-\qns]e identities {or

8 plamw) ——p(aweu) | an adjunction hold.



.A.LGEBRAS FOR THE INDUCED MONAD UF
Let UF be theinduced monad on Cat/B | An algebra -For the monad UF is a poér :

which has assignment on objects given by: . FA , A Sope po J'-'(,':‘)
£ Ff i
ATs A8 l 5 n\ /
The Mull';plicod';on for the Mmonad s a\ven b‘j . .FA \
> A

Ao¥g, B

/ \ By +he universal property
of the pushout, this is the 4,
(s£)otB same oS an alae,bn. for / \
'4;.1 \/\/ e Semi-monad (S,P\S f.iB
P \A /
f

fo48 SFA A fl8 ——A

1 X “
\ J/m ‘FJ/ 9 S{\g /F 5 FA
FA B B Jf'

B



EQUIVALENT PRESENTATIONS OF LENSES
ur
STEP 2: Prove the equivalence (ea,‘l:/g) ~ {_ens (B)

Gavney

(7.010\) —

prev'\ous

Alsebvas £for o Mmonad

A FA —)A

IR

slide

Jb\r\hSOV\,
ROSQbrue\f\,
Wood

(2012)

y |§
P

A 'Fo'er —)A

W

B B

A\gebras for o semi-monad

R e—

A—
%N
A : >R

Functor [cofunctor pair 6\

Ahman
Uustalu

\(20\‘!)

|§ e— C. (2013)

Functer f: A—0B
+

function €:Agx, Q —A,

P(a.m)

(a,fa=9b) i a —= pla,w)

Equational definition

Diskin,
&— Xthﬂ’

Czarnecki
(20n)



\A. DOUBLE CATEGORY PERSPECTIVE

Given an algebra (f, B) fov the monad
'U,F, theve is a double c.od'eﬂorgz
P

FASw=A

d

sgA L
The domawn Map d is defined b\\,:

/\

{foiB

\’\/

Ao F(a)

N

A

Explic'\'\'\lg“l’\'\e dovble Cad'esoﬂj has:
° Ob:)e cts a€ A

e Vertical morphisms w:a —a'e A

¢ horizontal morphisms (aéA,IA!-Fa—»béB)

+ 2-cells are cevtain commotahue squares

n B:

Q fa {a Q
W‘|/ 'fwl lfu lw
q'u _Fq( _th a’l
Q -Fqu—) b P(“au)
ial ‘ lv lp (a,v)
a fa———b' p(aveu)



cOI"IPARING SPLIT OPFIBRATIONS AND LENSES VIA DOUBLE CATS

The double ca‘\'egowrj o-F squaves 51(8)
fov a Cad'egov-.s R has Z—cz\ls 3i\len bg
all 60mmu+o~+ivv. qua"e-.s n B:

o —mDo

o] et

e — e

However, we could restvict +he 2-cells.
'rhe.“doub\e co:\'e,gor:j of -\-r'\ana\e.s” Tei(8)
fov a Coc\'esowj B has Hhe same objects and
vevtical [hovizontal morphisms as Sq (8),but
2-cells are generated by commutathive squares:

les

| <] & |

o —J e

Caty,

A -8B

Adoﬁ

25 [Caty

flg — gt

Zcod
—_—

Caty,

fig—8

The double category of squares induces a monad
abeve whose algebras are gplit opfibrations.

Cat /a

A 8

donn

M

i [Cat

B,JB*..B

Zcod
—_—

Cat,,

folB4 A—Bl8+B  fIB4L A—B

(.)

The double Cx\'egmﬂ of -I-r'wmalo.s alSo induces a

Mouad whose a\sebrq; are IQV\S'QSI bu‘f K3 move
CQMP‘.\CO'\'QJ P

Bo_ﬁe

(-

8,8 — B84, B



@)
ProaLEM: UNDERSTANDING PULLBACKS OF LENSES

There. is a cxl’egornj Lews wl«osez Equivq|ew|'|tj ) -for a Small Co&eaorj B, +he
- objects are small categeries, slice category hhs/s May not have
- morphisms are lenses, products.

_cow\Posr\'\OV\ IS given 53: Given a cospan ot lQV\Se.s, we cann construct

¢ o Canon) cal cone...
/V WYxl 1x¥
AxgC— AxeC.(— AX‘ﬂ-
N Q N
y \ / 5 N To TN Y
A :
A >B 3C i
f 3 v s / ¥
F "B ¢ 5

Motivated by e S'\'UJ\J of syrmmetric |ensesl A N
e would like 4o construct a bicocl'e_gonj

SPQ(\ (h“S)... L\QNC\,QV hns doesﬁ.l.
have all Pullbacks! Can tWis be -ﬁxed?

But twe vaiversal property fails.



PRODUCTS IN THE CATEGORY OF ALGEBRAS

Nan - L B— Y
)/ \ ‘P""l 9®, E/ly
A*C A%C
Nz Ny
¢ 3 2

jLe"\S/B > | Lens(a)
N Ca.{/B /y/




@
THE BICATEGORY OF SPANS OF LENSE S

The biCod'e.sonj of spans of lenses In other Wovds, morphisms arve spaas

of lenses, and Z-cells are dfasrams‘.
Ca‘\'csov;cs, and homs constructed by N

— X —=— A
the pollbacle: N AN A
A B
Spn L ens(A,B) V & y 's\,;..

/7N g XA

Spndens has objects given by small

Horizontal composition is well-defined
Lens(8) p :
1ens(A\ b'j 'l'a":mg Prod\)d's.v\ dans (8) whose
Pro:)ec.ﬁons ave equipped with & lens
struckure vie the strong mondidal fynctor.
Cat

ienS/B —— dens(8)



@
SUMMAR‘A AND FURTHER QUESTIONS

u X C {: e The category S0pf(B) of split opfibrations
&ﬂﬂs (B) ¢ T a /B over B and c.\eawaae-Prgsng{ns functors
F is o foll subeategory of £ (
v atTegevry o ens (B).

- We showed thot the forgetful fuactor | ° The category DOpf (B) of discrete
°P‘F‘5"°‘H°'\$ over B is o coveflective

SUBC&‘\'Qsornj O'F {-Q.V\S(e).

« These vesolts generalise +o Cot(€) for
Suitable € ; do '|'\ne.s3 alSo worle Lor move
general (2-) c@‘\‘eaodes’.

from the c«*e.gonb of lenses ovev B and
lift-preserving functers is monadic.

. TW(S iMproves a result in fhe |;-l-e\rc.+u(e)
where lenses weve equivalent to algebrasg
fov o semi-monad.

* Since U creotes limits, fens (B) has
Products which can be used +o construct
o bicategory Spwn Lens whose morphisms | * Is the functov W also comonadic?
ave spons of lenses, e Link wit1 fusion for multilenses?

e Does +he Kleisli c«‘\'eaonj for UF produce
Somg‘\’hil\s in'\'eves-\-ing?



.ANOTHER CoONSTRUCTION OF &ens(e)

equa|§5e_r / Lens(8)

]
n CAT

7\

DOpf () = Ca"'/s

\

CG.'['/B

'<-—

Set /e



