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Show that the forgetfulfunctor2L is monadic 1 Background motivation

a Construct a left adjoint f 2 Main theorem
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b Prove the equivalence Lens B e eat 3 Some implicationsB
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EXAMPLES BETWEEN FINITE CATEGORIES

State based Discrete Split Bijective on Lenseswithout

lens opfibration opfibration objects lens opCartesian lifts
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STATE BASED LENSES AS ALGEBRAS FOR A MONAD
Oles 1982 monadic

TG.M.RS 20051 SbLens B Seth Johnson
y Rosebrugh

Wood 2010

A state based lens f p A B Proposition State based lens are algebras
consists of a pairoffunctions for the monad

f A B p AxB A Set
z Seth

satisfying the axioms A f B l Ax B T B

l f pla b b o Everystatebased lens is isomorphic to a
free algebra

2 p a fa a
Thisgeneralisesby replacingSet with

13 p pla61,6 p a b a categorywith finiteproducts



DISCRETE OPFIBRATIONS AS ALGEBRAS FOR A MONAD

full subcategory monadic Bo obj B
ofeaths DOpffB Seth 1

AdiscreteopfibrationisafunctorfA B The leftadjoint takes a functionfoAo Bo
suchthat forall aEA and u fa bEB to the free discrete opfibration over B
thereexists a uniquemorphism iii a a'C A objects fa
such that flirt _u are pairs

A a a Ca u fa b fol B b b
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f AoxBoB I iv
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Therightadjointabovetakes a discrete B b b

opfibration f A B to its underlying cThisgeneralisesby replacingSet with
objectassignment fo Ao Bo a categorywithpullbacks



SPLIT OPFIBRATIONS AS ALGEBRAS FOR A MONAD
morphisms monadic
sreserve the
choicesof SOpflB Cathy
opcartesianlifts

A splitopfibrationisalenstfiel A B Theleftadjointtakesafunctor f A Bto
such that for all aEA and u fa GEB the free splitopfibration over B
themorphismGca u isopcartesian

Haul fotB freediscrete
a pcau opfibration
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Hel u f FIB projection

for b
B fur L Proposition Algebras for themonadinduced

fat by theadjunctionabove are equivalentto
Therightadjointabovetakescf.ie tof A iB splitopfibrations over B
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LENSES AS ALGEBRAS FOR A SEMI MONAD Lets callthe

composite

C.atBsSetyBosDOpffB csCatyz endofunotors

f fo SfA B I i Ao Bo l fotB 7 B l fotB DB

Theaboveendofunctortakes afunctorto thepair s µ formasemi monadon Catling
thefreediscreteopfibrationomitsunderlying Johnson Rosebrugh 2013

objectassignment Proposition Lenses areequivalentto algebras
There is anaturaltransformation µ SS 75 for the semi monad s µ subject to an

theinducedbynadjunctionfor the freediscrete additionalaxiom
opfibrationwhosecomponents are givenby poµf poS P

SflotB Mto fotB A

f i Ii st
t I fa

wowow n

I Yo B B extra t P
f b folB
b b w axiom



PROOF SKETCH OFTHEEQUIVALENCE
Consider a lens file depictedby the Conversely consider an algebra for the
commutativediagram semi monadgivenby

AP f

f i IiA Bf B B
We can obtain an algebrafor SIM through we may define 4 AoxBoB A by
taking the decalage of 11

folB

µ
unit forDopffB Set a aint

tructuremap

thee it Pfi
ca Pea

p

satisfies the previous
f axioms We may show that the lens axioms follow

L T from the axioms for the algebra
A Bf



GOAL LENSES AS ALGEBRAS FOR A MONAD

LenslB U Cath
or eachsmallcategoryB thereis acategory STEP 1 Constructthe leftadjointf ULens B whose
objects are lenseswithcodomainB Proposition The free lens on a functor
morphisms are functorswhichmakethe f A B is constructed via the pushout

Ao
lyfollowingdiagramcommute
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A CLOSER LOOK AT THE FREE LENS

pushout fotB freediscrete Thepushoutrequires that
injection N Sf opfibrationon 1a a 1fa a Ifa C A

j foAo BoL v

f A B
f f Ifa a Ifa a Ifa E B

Thepushout FA is thecategorywhose
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THE FREE FORGETFUL ADJUNCTION FOR LENSES

CathLenslB e
f

Thecomponentof the counitata lens fix Thecomponentof the unit at a functor
is inducedby the co unitfrom the adjunction f A B isgivenbythe pushoutinjection
for the free discreteopfibration Zf fA A

decalageof A

fotB 7111 Thecounittakes f f f
w J L

Sf f
a Ifa a 1fail B

S

µ y
4 to wi a sa and Thefunctor Mf takes w a a'to the
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to the chosen lift

off f One can showthat thetriangleidentities for

JBL pla.irHPlamhVfpfa.vou an adjunctionhold



ALGEBRAS FOR THE INDUCED MONADUF
Let Uf betheinducedmonadoncat B An algebra for themonad Uf is a pair
whichhasassignmenton objectsgivenby A A poµf Doffsf fAt B i s FA B ft go s't

y isThemultiplication for the monadisgivenby B 1 1
multiplication AoxBoB c discretecategory

forfreediscrete 2 Bytheuniversalproperty Ao
opfibrationmonad j of the pushout this is the Mto 2

SfotB f A
same as an algebra for
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EQUIVALENT PRESENTATIONS OF LENSES
Uf

STEP2 Prove the equivalence aty1eLen.s BB

Algebrasfor amonad Functorkofunctor pair
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A DOUBLE CATEGORY PERSPECTIVE

Given an algebra f f for the monad Explicitly the doublecategory has
Uf there is a doublecategory oobjects a C A

F o vertical morphisms w a a'C A
ff't Mf f Ae me A

d ohorizontalmorphisms AEA u fa bEB

2 cells are certain commutativesquaresThedomainmap dis definedby in BAo
Ho r

a fa fa a
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COMPARING SPLIT OPFIBRATIONS AND LENSES VIA DOUBLE CATS

Thedoublecategory of squaresSq B
for a category B has 2 cellsgivenby C.at

pg dmCatB.zEcod Catzn n
all commutative squares in B I

A B pullback FIB B2 compose FIB B

G E B Thedoublecategoryofsquares induces a monao
abovewhosealgebras are splitopfibrations

However we could restrict the 2 cells dom at
Thedoublecategory oftriangles Tri B Cat

B ftpBE Cathy
for a categoryB has the same objects and A f B fotBt.not 7BotBtBoBfotBtaoA
vertical horizontalmorphisms as5g B but Lmf

2 cells are generatedbycommutativesquares Thedoublecategoryoftrianglesalsoinduces a
monadwhosealgebras are lenses but is moreco
complicatedo Bo B

H G G E B tv v v
or co BotB f3otBtooB



PROBLEM UNDERSTANDING PULLBACKS OF LENSES
There is a category Lens whose Equivalently for a small category B the

objects are small categories slice category Lens B may not have
morphisms are lenses products
composition isgivenby Given a cospan of lenses we can constru

a canonical cone
v 6 1 1 8

L u AxBC AXBCE Axzr
A r v

Y I 8 g to Thisdefines a
L v semi cartesian

L J L J A C monoidalproduct
A B 7C f on Sens1Bf g te g 8

L
Motivatedbythe studyofsymmetriclenses a Be r NotenoughI g morphism
we would like to construct a bicategory 1

But the universal property failsSpan Lens however Lensdoesn't
have all pullbacks Can this be fixed



PRODUCTS IN THE CATEGORYOF ALGEBRAS
A Axel T

r
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i v ko 15T 5 18
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Uto gf g 8
gJ L gf

Axel Be r v L
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bijective on objects cartesianmonoidal
emi cartesian Lens Lens B categorymonoidalcategory B msot.rod9a

strong Cathy monadicfunctors
monoidal create limits

Cartesianmonoidalcategory



THE BICATEGORY OF SPANS OF LENSES
The bicategory of spans of lenses In other words morphisms are spans

SpnLens has objectsgivenby small of lenses and 2 cells are diagrams
8 6

categories and horns constructed by r Xe A
the pullback 5 u e s f if

A 13
SphLens A B g T t g f I f t

u
u r j x'e j Il

Lens BLens A Horizontal composition is well defined
bytakingproducts in Lens B whose

1 projections are equipped with a lens
c u structure via the strongmonoidalfunctor

Cat Cat Cathy Leng Lens B



SUMMARY AND FURTHER QUESTIONS

2L o The category Sopf B ofsplitopfibratio
Leng B T Cat

z
over B and cleavage preserving functors

f is a full subcategory of Lens B

We showed that the forgetfulfunctor The category Dopf B of discrete
fromthecategoryof lenses over B and Opfibrations over B is a co reflective
lift preservingfunctors is monadic Subcategory of Lens B

These results generalise to Cat E forThis improves a result in the literature
where lenses were equivalent to algebras

suitable E i do they also work for more
general 2 1categoriesfor a semi monad

Since It creates limits Lens B has Does the Kleisli category for Uf produc

Products which can be used to construct something interesting
a bicategorySpnLens whosemorphisms Is the functor U also comonadic
are spans of lenses a Link with fusion for multi lenses



ANOTHER CONSTRUCTION OF Lens B
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